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$n$-tupie $\lambda=(\lambda_{1}, \ldots, \lambda_{n})$ $\lambda_{1}\geq\cdots\geq\lambda_{n}\geq 0$ $d=\lambda_{1}+\cdots+\lambda_{n}$
$1\mathrm{J}$ (partition) . $d$ $\lambda$ (weight) $\mathrm{A}\mathrm{a}$ $|\lambda|$ . $(\lambda)$ $:= \max\{i : \lambda_{i}\neq 0\}$
$.l\lambda$ (length) . .
$\lambda=(\lambda_{1}, \ldots, \lambda_{n})$ 1 $\lambda_{1}$ ( ) , 2 $\lambda_{2}$ , . . .
$\eta_{l}$
$\lambda_{n}$ Young $[\lambda]$ .




Young $\{1, \ldots, n\}$ Young
Young (fiUing) $T=T_{\lambda}$ . $T_{\lambda}(i, j)$ $i$ $j$
. Young $\lambda$ , $ff^{\iota}$ .
Young , 1, . . . , $d(=|\lambda|)$ T 1 Young
Young (numbering) . Young $\lambda$
, $d!$ .
Young $T_{\lambda}$ (tableau) .
(i) $T_{\lambda}(i,j)\leq T_{\lambda}(i,j+1),$ $j=1,$ $\ldots,$ $\lambda_{i}$ .
(ii) $T_{\lambda}(i,j)<T_{\lambda}(i+1,j),$ $j=1,$ $\ldots,$ $n$ .
2
$n$ $\mathfrak{S}_{n}$ $\mathrm{Z}[x_{1}, \ldots, x_{n}]$
$\mathrm{Z}[x_{1}, \ldots, x_{n}]^{6_{n}}$ .
$E(t)= \prod_{i=1}^{n}(1+x_{i}t)=\sum_{d=0}^{n}E_{d}t^{d}$
$E_{d}=E_{d}(x_{1}, \ldots, x_{n})$ $d$ . $E_{1},$ $\ldots,$ $E_{n}$
, $\mathrm{Z}[x_{1}, \ldots, x_{n}]^{6_{n}}=\mathrm{Z}[E_{1}, \ldots, E_{n}]$ .
$H(t)= \prod_{i=1}^{n}(1-x_{i}t)^{-1}=\sum_{d=0}^{\infty}H_{d}t^{d}$ ,
$H_{d}=H_{d}(x_{1}, \ldots, x_{n})$ $d$ . $H_{1},$ $\ldots,$ $H_{n}$
, $\mathrm{Z}[x_{1}, \ldots, x_{n}]^{6_{n}}=\mathrm{Z}[H_{1}, \ldots, H_{n}]$ .
$S_{\lambda}(x_{1}, \ldots, x_{n})=\frac{\det(x_{i}^{\lambda_{j}+n-j})_{1\leq i,j\leq n}}{\det(x_{i}^{n-j})_{1\leq ij\leq n}1}$
Schur . Schur $\{S_{\lambda}(x_{1}, \ldots,\prime \mathrm{A}^{\cdot},,.) : (\lambda)=n\}$ $\mathrm{Z}[x_{1}, \ldots, x_{n}]^{\mathfrak{S}_{n}}$
Z- .
2.1. $S_{\lambda}=\det(H_{\lambda+j-i})_{1\leq i,j\leq n}:=\det(E_{\lambda^{\sim}+j-i}.\cdot)_{1\leq i,j\leq n}$ .
$\omega$ : $\mathrm{Z}[x_{1}, \ldots, x_{n}]^{6_{n}}arrow \mathrm{Z}[x_{1}, \ldots, x_{n}]^{\mathfrak{S}_{n}}$ $\omega(E_{i})=H_{i},$ $i=1,$ $\ldots,$ $n$ .
3
22. $\omega^{2}$ . $\omega(S_{\lambda})=S_{\lambda}\sim$ .
Schur $S_{\lambda}$ .
2.3. $S_{\lambda}= \sum_{a}k_{\lambda a}x^{a}$ , $x^{a}=x_{1}^{a_{1}}\cdots x_{n}^{a_{n}}$ .





$Garrow \mathrm{G}\mathrm{L}(V)$ $G$ $V$ ( $\pi,\acute{\prime}$ ) $\mathrm{A}\mathrm{a}$
. $Garrow \mathrm{G}\mathrm{L}(V_{1}),$ $Garrow \mathrm{G}\mathrm{L}(V_{2})$ ( $V_{1}arrow V_{2}$
\sigma
$\mathrm{G}\mathrm{L}(V_{1})arrow \mathrm{G}\mathrm{L}(V_{2})$
$Garrow \mathrm{G}\mathrm{L}(V_{1})$ $Garrow \mathrm{G}\mathrm{L}(V_{2})$
.
$G$ $g$
$Garrow \mathrm{G}\mathrm{L}(V)$ $g$ .
$G$ $V$ $g\cdot v=g(v)$ [ $V$ G- # ‘‘‘
. $G$- $G$ $V$ . $Garrow \mathrm{G}\mathrm{L}(V)$
, $G$- $V$ $G$ $V$
$\mathrm{A}\backslash$ \mbox{\boldmath $\nu$}) .
$G$ $V$ , $V^{*}=\mathrm{H}\mathrm{o}\mathrm{m}(V, \mathrm{C})$ ( $V$ ) $Garrow \mathrm{G}\mathrm{L}(V^{*})$
$g\mapsto$ ( $g^{-1}$ $\mathrm{G}\mathrm{L}(V)$ ) $\in GL(V^{*})$ .
$G$ $V_{1},$ $V_{2}$ , $V_{1}\oplus V_{2}$ $V_{1}\otimes V_{2}$
$g$ : $v_{1}\oplus v_{2}\mapsto g(v_{1})\oplus g(v_{2})$ , $g$ : $v_{1}\otimes v_{2}\mapsto g(v_{1})\otimes g(v_{2})$
.
$G$ $Garrow \mathrm{G}\mathrm{L}(V)$ (character) $\chi_{V}$
$\chi_{V}$ : $Garrow \mathrm{C}$ , $\chi_{V}(g)=\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}\{g : Varrow V\}$ , $g\in G$
. $G$ .
3.1. $\chi_{V_{1}\oplus V_{2}}=\chi_{V_{1}}+\chi_{V_{2^{f}}}\chi V_{1}\otimes V_{2}=\chi_{V_{1}}\cdot\chi_{V_{2}},$ $\chi_{V^{*}}=\overline{\chi_{V}}$ .
$G$ $V$ , $G$ $V$ $W$ \mbox{\boldmath $\tau$}
$\iota \mathrm{f}^{\backslash }$ $Garrow \mathrm{G}\mathrm{L}(V)$
$Garrow \mathrm{G}\mathrm{L}(W)$ . $Garrow \mathrm{G}\mathrm{L}(V)$ \mbox{\boldmath $\nu$})
$\mathrm{A}\mathrm{a}$
.
$G$ , $G$ [ $\mathrm{a}$
. , , $\mathrm{G}\mathrm{L}(n, \mathrm{C}),$ $\mathrm{S}\mathrm{L}(n, \mathrm{C})$ [ .
4
4Schur
$V$ $\mathrm{C}$ . $\mathrm{G}\mathrm{L}(V)$ .
Young $T=T_{\lambda}$ $d$ $\mathfrak{S}_{d}$ $\backslash ^{\backslash }\mathrm{Y}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{g}$
$\mathrm{C}\mathfrak{S}_{d}:=\sum_{\sigma\in 6_{d}}\mathrm{C}\sigma$ $c_{T}$ .
$c_{T}=b_{T}a_{T}$ , $\llcorner \mathrm{B}\llcorner$
$a_{T}= \sum$ { $\sigma$ : $\sigma\in \mathfrak{S}_{d}$ $T=T_{\lambda}$ },
$b_{T}= \sum$ { $\mathrm{s}\mathrm{g}\mathrm{n}(\sigma)\sigma$ : $\sigma\in \mathfrak{S}_{d}$ $T=T_{\lambda}$ }.
$d$ $\mathfrak{S}_{d}$
$\sigma\cdot(v_{1}\otimes\cdots\otimes v_{d})=v_{\sigma^{-1}(1)}\otimes\cdots\otimes v_{\sigma^{-1}(d)}$ , $\sigma\in \mathfrak{S}_{d}$
$V^{\otimes d}$ , $V^{\otimes d}$ $\mathrm{G}\mathrm{L}(V)$ . $\mathrm{C}\mathfrak{S}_{d}$
$( \sum_{\sigma\in 6_{d}}c_{\sigma}\sigma)\cdot(v_{1}\otimes\cdots\otimes v_{d})=\sum_{\sigma\in \mathfrak{S}_{d}}c_{\sigma}\sigma\cdot(v_{1}\otimes\cdots\otimes v_{d})$ , $c_{\sigma}\in \mathrm{C}$
$V^{\otimes d}$ ,
$v_{1}\otimes\cdots\otimes v_{d}\mapsto c_{T}\cdot(v_{1}\otimes\cdots\otimes v_{d})$
$c_{T}$ : $V^{\otimes d}arrow V^{\otimes d}$
$\mathrm{S}_{T}V$ $\langle$ . $c\tau$ $\mathrm{S}_{T}V$ $\lambda$ $T=T_{\lambda}$ , $\lambda$
, $\mathrm{S}_{\lambda}V$ . Schur . $c_{T}$
, ( $\lambda=(d)$ )
$s_{d}$ :
$V^{\otimes d} \ni v_{1}\otimes\cdots\otimes v_{d}\mapsto\sum_{\sigma\in 6_{d}}v_{\sigma(1)}\otimes\cdots\otimes v_{\sigma(d)}\in V^{\otimes d}$
,
( $\lambda=(1^{d})=(1,1,$ $\ldots,$ $1)(d$ ) )
$a_{d}$ :
$V^{\otimes d} \ni v_{1}\otimes\cdots\otimes v_{d}\mapsto\sum_{\sigma\in 6_{d}}\mathrm{s}\mathrm{g}\mathrm{n}(\sigma)v_{\sigma(1)}\otimes\cdots\otimes v_{\sigma(d)}\in V^{\otimes d}$
.
(i) $\mathrm{S}_{d}V={\rm Im} s_{d}=\mathrm{S}\mathrm{y}\mathrm{m}^{d}V$ .
(ii) $\mathrm{S}1^{d})V=({\rm Im} ad=\wedge^{d}V$ , $(1^{d})=(1,1, \ldots, 1)$ ( $d$ ( ).
$c_{T}$ .
4.1. $c_{T}^{2}=n_{\lambda}c_{T}$ . $n_{\lambda}=d!/\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{c}\mathrm{S}_{\lambda}V$ .
5
$\mu=\lambda^{\sim}$ , $\mathrm{S}_{\lambda}V$ .
$\bigotimes_{i}(\Lambda^{\mu i}V)\subset\bigotimes_{i}(V^{\otimes\mu_{\mathrm{i}}})=V^{\otimes d}=\bigotimes_{j}(V^{\otimes\lambda_{j}})arrow\bigotimes_{j}(\mathrm{S}\mathrm{y}\mathrm{m}^{\lambda_{j}}V)$
$\bigotimes_{i}(\mathrm{S}\mathrm{y}\mathrm{m}^{\lambda_{i}}V)\subset\bigotimes_{i}(V^{\otimes\lambda}:)=V^{\otimes d}=\bigotimes_{j}(V^{\otimes\mu_{j}})arrow\bigotimes_{j}(\Lambda^{\mu_{j}}V)$
42. $\mathrm{S}_{\lambda}V$ $\mathrm{G}\mathrm{L}(V)$- ( $\mathrm{G}\mathrm{L}(V)$ ) .
GL(V) $\mathrm{I}\text{ }$ $\mathrm{S}_{\lambda}V$ .
(i) $(\lambda)>\dim V$ $\mathrm{S}_{\lambda}V=0$ .
(ii) $g\in GL(V)-$ $x_{1},$ $\ldots,$ $x_{n}$ $\chi \mathrm{s}_{\lambda}v(g)=S_{\lambda}(x_{1}, \ldots, x_{n})$ .
$n=\dim V$ .
$\dim_{\mathrm{C}}\mathrm{S}_{\lambda}V=S_{\lambda}(1, \ldots, 1)=\prod_{1\leq i<j\leq n}\frac{\lambda_{i}-\lambda_{j}+j-i}{j-i}$






, $1\leq i_{1},$ $\ldots,$ $i_{k}\leq n$ .
Young $T=T_{\lambda}$
$\delta_{T}=\prod_{j=1}^{\lambda_{1}}\delta_{T(1,j),T(2_{\dot{\beta}}),T(\mu_{j},j)}$
. $\mu_{j}$ $\lambda$ $j$ $T$ ( $i$ ,j)=T\lambda (i, . $T’$ $T$
$\delta_{T’}=-\delta_{T}$
, . $p\cross p$ $A,$ $B$ $1\leq j_{1}<\cdots<j_{k}\leq p$ Sylvester
$|A||B|= \sum_{I}|A_{I}||B_{I}|$
, $I=\{i_{1}, \ldots, i_{k}\}$
. $A$ $i_{1},$ $\ldots,$ $i_{k}$ $B$ , . . . , $j_{k}$ ( $i_{1}$ $j_{1}$ , $i_{2}$
$j_{2}$ ) $A_{I},$ $B_{l}$ .
$q\leq p$ $1\leq t_{1}<\cdots<t_{k}\leq q$
$\delta_{i_{1},\ldots,i_{\mathrm{p}}}\delta_{j_{1},\ldots,j_{q}}=\sum_{\wedge}\delta_{i_{1},\ldots,i_{\mathrm{p}};S}\delta_{j_{1},\ldots,j_{q};S}$ , $S=\{s_{1}, \ldots, s_{k}\}\subset\{1, \ldots, q\}$ ,
6
$\delta_{i_{1},\ldots,\mathrm{i}_{p};S}$ $\delta_{i_{1},..,i_{p}}$ $s_{i}$ $(Z_{*,t_{i}})$ , $\delta_{i_{1},\ldots,i_{qj}S}$ $\delta_{i_{1},\ldots,i_{q}}$
$t_{i}$ $(Z_{*,s_{i}})$ . $T$ 2 $i_{1,)}\ldots i_{p}$ $j_{1},$ $\ldots$ ,
, $\delta_{T}$ . $T$ 2 $i_{1},$ $\ldots,$ $i_{p}$
$j_{1},$ $\ldots,j_{q},$ $q\leq p$ , . $j_{1},$ $\ldots,j_{q}$ $k$ $j_{t_{1}},$ $\ldots,j_{t_{k}}.,$ $1\leq t_{1}<\cdots<$





$g \cdot Z_{i,j}=\sum_{k=1}^{n}Z_{i,k}g_{k,j}$ , $g=(g_{i,j})\in \mathrm{G}\mathrm{L}(n, \mathrm{C})$
$\mathrm{G}\mathrm{L}(n, \mathrm{C})$ $\mathrm{C}[Z]$ . $\mathrm{C}[Z]$ $d\mathrm{x}n$ $A=(Z_{i,j})$
$\mathrm{C}[Z]=$ { $f$ : Mat(n, $\mathrm{C})arrow \mathrm{C},$ $(Z_{i,j})arrow f(Z_{i,j})$ }
$(g\cdot f)(A)=f(A\cdot g)$ , $f\in.\mathrm{C}[Z],$ $g\in \mathrm{G}\mathrm{L}(n, \mathrm{C})$
. ,
$g \cdot\delta_{j_{1},\ldots,j_{p}}=\sum_{1\leq i_{1,\ldots\prime}i_{\mathrm{p}}\leq n}g_{i_{1\prime}j_{1}}\cdots g_{i_{p},j_{p}}\delta_{i_{1},\ldots,i_{\mathrm{p}}}$
,
$g \cdot\delta_{T}=\sum$ ( $g_{S,T}\delta_{S}$ : $S$ $\lambda$ ),
$g_{S,T}= \prod_{i,j}\mathit{9}S(i,j),T(i,j)$
. , $\mathrm{G}\mathrm{L}(n, \mathrm{C})$ $\mathrm{C}[Z]$
$\sum$ { $\mathrm{C}\delta_{T}$ : $T$ Young $\lambda$ } $\subset \mathrm{C}[.Z]$
, $\mathrm{S}_{\lambda}V$ .
{ $\delta_{T}$ : $T$ $\lambda$ }
$\mathrm{S}_{\lambda}V$ $\mathrm{C}$ . $V$ $e_{1},$ $\ldots,$ $e_{n}$
. Young $\lambda$ $i$ $j$ $V$ $v_{i,j}$ Schur
.
$\beta:V^{\otimes d}arrow \mathrm{S}_{\lambda}V$





. . $\mathrm{C}$ $\varphi$ : $Varrow V’$ ,
$\varphi_{\lambda}$ : $\mathrm{S}_{\lambda}Varrow \mathrm{S}_{\lambda}V’$






Littlewood-Richardson $c_{\lambda\mu}^{\nu}$ . $\mu$ Young $[\mu]$
1 1 , 2 2 , $\ldots$ $[\mu]$
. Young $[\mu]$ $\lambda$ Young $[\lambda]$
. .
(i) .
(ii) 1 , 2 , . . .
$\{a_{i}\}$ .
$\#\{j\leq k : aj=i\}\leq\#\{j\leq k : aj=i-1\}$ , $2\leq i\leq(t^{l}),$ $1\leq k\leq|\mu|$ .
Young $[\nu]$ . $\nu$ $c_{\lambda\mu}^{\nu}$
.




$\nu$ : $[\nu]$ $[\lambda]$ ,
, 1 $m$ Young .
$\mathrm{G}\mathrm{L}(V_{1})$ $W_{1}$ $\mathrm{G}\mathrm{L}(V_{2})$ $W_{2}$ , $W_{1}\oplus W_{2}$ $W_{1}\otimes W_{2}$











$b_{\mu\nu}^{\lambda}= \sum_{\mathrm{i}=(i_{1\prime}\ldots,i_{d})}(\frac{\omega_{\lambda}(\mathrm{i})\omega_{\mu}(\mathrm{i})\omega_{\nu}(\mathrm{i})}{i_{1}!i_{2}!\cdots i_{d}!1^{i_{1}}2^{i_{2}}\cdots d^{i_{d}}}$ : $\sum_{q=1}^{d}qi_{q}=d)$
$\omega_{\lambda}(\mathrm{i})$ qd$=1(x_{1}^{q}+\cdots+x_{n}^{q})^{i_{q}}$ $x^{\lambda}$ .
$\omega_{\lambda}(\mathrm{i})=\sum_{r_{pq}}(\prod_{q=1}^{d}\frac{i_{q}!}{r_{1q}!r_{2q}!\cdots r_{nq}!}$ : $i_{q}= \sum_{a=1}^{n}r_{aq},$ $\lambda_{p}=\sum_{b=1}^{d}br_{pb})$
.
$\mathrm{S}\mathrm{y}\mathrm{m}^{m}(V_{1}\oplus V_{2})=\bigoplus_{a+b=m}\mathrm{S}\mathrm{y}\mathrm{m}^{a}V_{1}\otimes \mathrm{S}\mathrm{y}\mathrm{m}^{b}V_{2}$, $\wedge(V_{1}m\oplus V_{2})=\bigoplus_{a+b=m}\wedge V_{1}a\otimes\wedge^{b}V_{2}$ ,
$\mathrm{S}\mathrm{y}\mathrm{m}^{m}(V_{1}\otimes V_{2})=\bigoplus_{\lambda:|\lambda|=m}\mathrm{S}_{\lambda}V_{1}\otimes \mathrm{S}_{\lambda}V_{2}$
, $\wedge(V_{1}m\otimes V_{2})=\bigoplus_{\lambda:|\lambda|=m}\mathrm{S}_{\lambda}V_{1}\otimes \mathrm{S}_{\lambda^{\sim}}V_{2}$ .
6
$\mathrm{G}\mathrm{L}(V)$ $W$ $\mathrm{G}\mathrm{L}(V)arrow \mathrm{G}\mathrm{L}(W)$ $\mathrm{G}\mathrm{L}(W)$ $W_{1}$ $\mathrm{G}\mathrm{L}(W)arrow \mathrm{G}\mathrm{L}(W_{1})$







$f\cdot\in \mathrm{Z}[y_{1}, \ldots, y_{m}]^{6_{m}},$ $g\in \mathrm{Z}[x_{1}, \ldots, x_{n}]^{6_{n}}$ .
$g(x)= \sum u_{\alpha}x^{\alpha}$
$\prod_{j=1}^{m}(1+\overline{y}_{j}t)=\prod_{\alpha}(1+x^{\alpha}t)^{u_{\alpha}}$
. $\overline{y}_{i}$ $x_{1},$ $\ldots,$ $x_{n}$ .
$f\circ g(x):=f(\overline{y}_{1}, \ldots,\overline{y}_{m})$











$\mathrm{S}\mathrm{y}\mathrm{m}^{m}(\wedge V)=\bigoplus_{\nu\in E(2m)}\mathrm{S}_{\nu}\sim V2$.
$E(2m)=$ { $\nu=(\nu_{1},$ $\ldots,$ $\nu_{r})||\nu|=2m,$ $\nu_{i}$ }.
$\wedge(\mathrm{S}\mathrm{y}\mathrm{m}^{2}V)=\bigoplus_{\nu\in P_{r,1}(2m)}\mathrm{S}_{\nu}\sim Vm$
, $\wedge(\wedge V)=\bigoplus_{1}\mathrm{S}_{\nu}Vm2\nu\in P_{r1}(2m)$ .
$P_{r,t}(2m)$ .
$P_{r,t}(2m)=\{\nu=(a_{1}, \ldots, a_{r}|a_{1}+t, \ldots, a_{r}+t)||\nu|=2m\}$
$(a_{1}, \ldots, a_{r}|b_{1}, \ldots, b_{r})$ $r$ , $i$ [ (




$\mathrm{S}\mathrm{y}\mathrm{m}2(\mathrm{S}\mathrm{y}\mathrm{m}^{m}V)=$ $\oplus$ $\mathrm{S}_{(2m-j,j)}V$, $\wedge(\mathrm{S}\mathrm{y}\mathrm{m}^{m}V)=$ $\oplus$ $\mathrm{S}_{(2m-j,j)}V$,
j: j:
2 $m$$rn$
$\mathrm{S}\mathrm{y}\mathrm{m}2(\wedge V)=$ $\oplus$ S(m+j, $V$, $\wedge(\wedge V)=$ $\oplus$ $\mathrm{S}_{(m+j,m-j)}V$.
j: j:
7
$A$ $A0=k,$ $k$ , .
7.1. $A$ $G_{\bullet}$ , $G’$. $G_{\bullet}’’$ \mbox{\boldmath $\tau$}
$G_{\bullet}=G_{\bullet}’\oplus G_{\bullet}’’$ . $G_{\bullet}’=H_{i}(G_{\bullet}\otimes_{A}k)\otimes_{k}A$ .
. $\mathit{9}i=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}G_{i}$ , $G_{i}= \sum_{1\leq j\leq \mathit{9}i}A$(-ej, . $d_{i}$ : $G_{i}arrow G_{i-1}$
$(k,j)$ , $ej,i-e_{k,i-1}$ \acute . G\sim
$G_{i}=B_{i}\oplus U_{i}\oplus B_{i}’$ $d_{i}$ : $G_{i}arrow G_{i-1}$ \mbox{\boldmath $\tau$} l
$\mathrm{f}^{\backslash }$ $G_{i}’=U_{i}$ ,
$G_{i}’’=B_{i}\oplus B_{i}’$ .
(1) $d_{i}=(\begin{array}{lll}0 0 I0 d_{i}’ 00 0 0\end{array})$
$d_{m}$ : $G_{m}arrow G_{m-1}$ . $G_{m},$ $G_{m-1}$
$d_{?n}=(\begin{array}{ll}d_{m}’ 00 d_{m}’\end{array})$
10
$d_{m}’$ $d_{m}’’$ . $G_{m}=W_{m}\oplus V_{m},$ $G_{m-1}=W_{m-1}\oplus V_{n-1}$.
$d_{m}’$ : $W_{n},arrow W_{m-1}$ , $d_{m}’’$ : $V_{m}arrow V_{m-1}$ , $d_{n},=d_{m}’\oplus d_{m}’’$ .
$d_{m+1}$ : $G_{m+1}arrow G_{m}$ . $\{G_{\bullet}\}$ $d_{m+1}$ $V_{m}$
0 . $d_{m+1}$ : $G\text{ }+1arrow W_{m}$ .
$G\text{ }+\mathrm{l}=W_{m+1}\oplus V_{m+1}$ , Wm=Um\oplus B $d\text{ }+1$ $W_{m+1}arrow U_{m}$ 41
$V_{m+1}arrow B_{m}$ . $B_{m}’=V_{m},$ $B_{m}’$+1=V +1, $B_{m-1}=V_{m}$ .
$i>j$ $i$ (1) $G_{j}=B_{j}\oplus W_{j}$ .
$B_{j}$ $d_{j+1}$ , $B_{j}\subset \mathrm{K}\mathrm{e}\mathrm{r}d_{j}$ $d_{j}$ : $W_{j}arrow G_{j-1}$ .
$W_{j}=U_{j}\oplus B_{j}’,$ $G_{j-1}=B_{j-1}\oplus W_{j-1}$ $d_{j}$ $U_{j}arrow W_{j-1}$
$B_{j}’arrow B_{j-1}$ .
$i<j$ $i$ (1) $G_{j}=W_{j}\oplus B_{j}’$
. ${\rm Im} d_{j+1}\subset W_{j}$ $d_{j+1}$ : $G_{j+1}arrow W_{j}$ .
$G_{j1}=W_{j+1}\oplus B_{j+1}’,$ $W_{j}=B_{j}\oplus U_{j}$ $d_{j+1}$ $W_{j+1}arrow U_{j}$
$B_{j+1}’arrow B_{j}$ .
.
72. $A$ $M_{\bullet}$ $M_{i}=0,$ $i<i_{0}$ , . ,
$A$ $G_{\bullet}$ $G_{\bullet}arrow M$. .
. $Z_{i}=\mathrm{K}\mathrm{e}\mathrm{r}\{M_{i}arrow M_{i-1}\},$ $B_{i}={\rm Im}\{M_{i+1}arrow M_{i}\}$ .
$0arrow B_{i}arrow Z_{i}arrow H_{i}arrow 0$, $0arrow Z_{i}arrow M_{i}arrow B_{i-1}arrow 0$ .
$M_{i},$ $B_{i},$ $Z_{i},$ $H_{i}$ $\mathcal{M}_{i},$ $B_{i},$ $Z_{i},$ $\mathcal{H}_{i}$ ,
$0arrow B_{i}arrow Z_{i}arrow H_{i}arrow 0$, $0arrow Z_{i}arrow \mathcal{M}_{i}arrow \mathcal{B}_{i-1}arrow 0$
. $\eta_{i}$
$\eta_{i}$ : $\mathcal{M}_{i}arrow B_{i-1}arrow Z_{i-1}arrow \mathcal{M}_{i-1}$
$\eta_{i}0\eta_{i-1}=0$ .
. .. $arrow \mathcal{M}_{i}arrow\eta\dot{.}\mathrm{A}4_{i-1}arrow\eta\dot{.}-1\mathcal{M}_{i-2}arrow\cdots$
$G_{\bullet}$ , $G_{\bullet}$ $M_{\bullet}$ $\phi$ .
$\phi$ .
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$\bullet F_{i,j}=G_{i,j}\oplus d_{v}(G_{i+1,j})\oplus H_{i,j}$ .
$\bullet$ $\mathrm{K}\mathrm{e}\mathrm{r}\{d_{v} : F_{i,j}arrow F_{i-1,j}\}=d_{v}(G_{i+1,j})\oplus H_{i,j}$ .
$d_{v}|G_{i+1,j}$ : $G_{i+1,j}arrow d_{v}(G_{i+1,j})$ .
$s:F_{i,j}arrow H_{i,j}$ , $p:F_{i,j}arrow G_{i+1,j}$ ,E
$F_{i,j}arrow d_{v}(G_{i+1,j})$ $G_{i+1,j}arrow d_{v}(G_{i+1,j})$ .
$H_{k}=\oplus_{i+j=\dot{k}}H_{i,j}$ , $d:H_{k}arrow H_{k-1}$ , $d|H_{i,j}:= \sum_{\ell\geq 0}s(d_{h}p)^{\ell}d_{h}$ : $H_{i,j}arrow H_{i+j-1}$
, $\{H_{\bullet}\}$ $\{\mathrm{F}\}$ .
. $s(d_{h}p)^{\ell}d_{h}$ : $H_{i,j}arrow H_{i+\ell,j-\ell-1}$ . $F_{i,j}=0,$ $i>>0$ , ,
.
dt=dh+d $\{F_{i,j}\}$ . , $G_{i},,$${}_{j}H_{i,j}^{\cdot}$
$F$
$G=\oplus G_{i,j}$ , $d_{v}(G)$ , $H=\oplus H_{i,j}$
. $F_{i,j}$ $g’+d_{t}(g)+h,$ $g’\in G_{i,j},$ $g\in G_{i\dagger 1,j},$ $h\in H_{i,j}$
. $G+d_{t}(G)+H$ $d_{h}(g)\in F_{i+1,j-1}$ . $F_{i,j}=0$ ,
$i>>0$ , , $i$ \iota ,
$F:=\oplus F_{i,j}=G+d_{t}(G)+H$
.
$g’\in G_{\ell}=\oplus_{i+j=\ell}G_{i,j}$ , $g\in G_{\ell+1}=\oplus_{i+j=\ell}G_{i+1,j}$ , $h\in H_{\ell}=\oplus_{i+j=\ell}H_{i,j}$
$g’+d_{t}(g)+h=0$ $g’=g=h=0$ . $g= \sum_{k=a}^{b}.g_{k+1,\ell-k},$ $g_{s,t}\in G_{s,t}$ ,
. $(d_{t}g)_{b,\ell-b}=(d_{v}g)_{b,\ell-b}=d_{v}(g_{b+1,\ell-b})$ . . $gb+1,\ell-b=0$ .
$b-a$ .
$F:=\oplus F_{i,j}=G\oplus d_{t}(G)\oplus H$
$d_{t}$ $G$ $d_{t}(G)$ .
$\mathrm{G}:=G\oplus d_{t}(G)$ $\mathrm{F}$ . $d_{t}$ : $Garrow d_{t}(G)$ ,
tot(G) . , tot(F) tot(F)/tot(G)
. $H=\oplus H_{i,j}$ .
12
$h\in H_{i,j}$ , $d_{t}h$ $\equiv h’(\mathrm{m}\mathrm{o}\mathrm{d} G+d_{t}G)$ $h’\in H$
.
$d_{t}h=d_{h}h\equiv s(d_{h}h)+(d_{t}p)d_{h}h$ $(\mathrm{m}\mathrm{o}\mathrm{d} G)$
$d_{t}p=d_{h}p\equiv s(d_{t}p)+d_{t}p(d_{h}p)$ $(\mathrm{m}\mathrm{o}\mathrm{d} G+d_{t}(G))$







$A$ $M=\oplus_{k\in \mathrm{Z}}M_{k}$, $n\in \mathrm{Z}$ , $M(n):=\oplus_{k\in \mathrm{Z}}M_{k+n}$ .
$A(n)$ $A$ $\oplus_{k\in \mathrm{Z}}A_{k+n}$ .
$A$ $M,$ $M’$ , $d$ $\oplus_{k\geq d}M_{k}$ $=\oplus_{k\geq d}M_{k}’$
$M\approx M’$ , .
.
$A$ $M$ $M^{\sim}$ $P=\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{j}(A)$ . $A_{+}$
$A$ $\mathfrak{p}\in P=\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{j}(A)$ , $A-\mathrm{p}$






81. $A$ $A_{0}$ $A_{1}$ . $\sim$ F*# ,
$A$ $\approx$ , $\mathcal{O}_{\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{j}(A)}$ ,
.
. R.Hartshorne: Algebraic geometry, Graduate Texts in Mathematics 52, Springer-
Verlag, 1977 5 Ex 59 .
9
$P$ , $V$ $\mathrm{C}^{N}$ . $p:P\cross Varrow P$
$P$ $\xi$ .
13
. 2 $q\ovalbox{\tt\small REJECT} P\cross Varrow V$ . $\zeta$ $\xi$ , $Z$ $\zeta$







. $\prod\overline{\mathfrak{o}}$ $\mathcal{O}_{P\mathrm{x}V}=\mathrm{S}\mathrm{y}\mathrm{m}$ ($’=\mathrm{S}\mathrm{y}\mathrm{m}_{\mathcal{O}_{P}}\xi^{*}$ $Z$ $P\cross V$
$\mathrm{I}_{Z}$ $\mathcal{O}_{P\mathrm{x}V}$ p*\eta *( )
$0arrow \mathrm{I}_{Z}arrow \mathcal{O}_{P\cross V}=\mathrm{S}\mathrm{y}\mathrm{m}$ $\xi^{*}arrow \mathcal{O}_{Z}=\mathrm{S}\mathrm{y}\mathrm{m}$ $\zeta^{*}arrow 0$
. $\mathcal{O}_{P\cross V}$ , $\mathcal{O}_{P}$ Sym ($’arrow \mathrm{S}\mathrm{y}\mathrm{m}\zeta^{*}arrow 0$
. $\mathrm{I}_{Z}$ ($p^{*}\eta^{*}$ ) Koszul
.
$K_{\bullet}$ : $0arrow \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\eta\wedge p^{*}\eta^{*}arrow\cdotsarrow\wedge^{2}p^{*}\eta^{*}arrow p^{*}\eta^{*}arrow \mathcal{O}_{P\cross V}=R\otimes A$
$N$ $A=\mathcal{O}_{V}=\mathcal{O}_{\mathrm{C}^{N}}$ 1 . $\mathcal{O}_{P\mathrm{x}V}$
$*$
$\mathcal{O}_{V}$ .
$P_{-}\llcorner$ $\mathcal{G}$ $A$ .
$F_{s}(\mathcal{G})=\oplus \mathrm{H}^{t}(P,$$(\wedge\eta^{*})\otimes \mathcal{G})t\geq 0s+t\otimes \mathrm{c}A(-s-t)$
$(-s-t)$ $A$- . $\mathcal{G}$
, $\mathcal{G}$ , $F_{s}.(\mathcal{G})$ $F_{s}$ .
91. 0 $d_{s}(\mathcal{G})$ : $F_{s}(\mathcal{G})arrow F_{s-1}^{\urcorner}(\mathcal{G})$ $F_{s}(\mathcal{G})$ $A$
$H_{-s}(F_{\bullet}(\mathcal{G}))=R^{s}q_{*}(\mathcal{O}_{Z}\otimes p^{*}\mathcal{G})=H^{s}(Z, \mathcal{O}_{Z}\otimes p^{*}\mathcal{G})=H^{s}(P$, Sym$((^{*}\otimes \mathcal{G}))$ .
$H_{s}(F_{\bullet}(\mathcal{G}))=0,$ $s>0$ . $d_{s}(\mathcal{G})$ $A$ .
$d_{s}$ : $F_{s}(\mathcal{G})arrow F_{s-1}(\mathcal{G})$
$(d_{s})^{(t,t’)}$ : $H^{t}(P, \Lambda^{s+t}(\eta^{*}\otimes \mathcal{G}))\otimes \mathcal{O}_{V}(-s-t)arrow H^{t’}(P, \Lambda^{s+t’-1}(\eta^{*}\otimes \mathcal{G}))\otimes \mathcal{O}_{V}(-s-t’+1)$
$t-t’+1$ . $t<t’$ $(d_{s})^{(t,t’)}$ .
14
. 2 .
$R= \bigoplus_{n\in \mathrm{Z}}\Gamma(P, \mathcal{O}_{P}(n))$
, $A=\mathcal{O}_{V}=\mathrm{S}\mathrm{y}\mathrm{m}$
$V^{*}= \bigoplus_{n\geq 0}\mathrm{S}\mathrm{y}\mathrm{m}^{n}V^{*}$
92. $\ell=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}$ $\eta$ . $P_{s}=(\wedge^{s}p^{*}\eta^{*})\otimes p^{*}\mathcal{G},$ $s=0,1,$ $\ldots,$ $\ell$ ,
$\mathrm{O}arrow P\ellarrow P_{\ell-1}arrow\cdotsarrow P_{1}arrow P_{0}arrow 0$
$A\otimes R$ $q_{*}$ ( $R^{k}q_{*}P_{s,t}=0,$ $k>0$ , ):... ... .$\cdot$. ...
$\uparrow$ $\uparrow$ $\uparrow$
$\uparrow$
$0arrow P_{\ell,-2}arrow\cdotsarrow P_{2,-2}arrow P_{1,-2}arrow P_{0,-2}arrow 0$
$\uparrow$ $\uparrow$ $\uparrow$ $\uparrow$


















. $P$ . $\mathcal{O}_{P}(1)$
, ( Veronese ) $H^{k}(P, \mathcal{O}_{P}(n))=0,$ $k>0,$ $n>0$ ,
.
$C_{-s}= \bigoplus_{n\geq 0}\Gamma(P,$ $(\wedge^{s}p^{*}\eta)\otimes p^{*}\mathcal{G}^{*}\otimes \mathcal{O}_{P}(n))\otimes A(s)$
. $K_{\bullet}\#_{\sim}^{-}p^{*}\mathcal{G}$
. $C_{t}$ , $R$









. $\Gamma_{*}((\wedge^{s}\eta)\otimes \mathcal{G}^{*})$ $R$ $\Gamma$- $\otimes A(s)$
$\hat{C}_{i,j}$ $R$ ,
. $\{P_{\bullet}.\}$ . 8.1 ,
$K$. $\otimes p^{*}\mathcal{G}$ . $P_{s}=(\wedge^{s}p^{*}\eta^{*})\otimes p^{*}\mathcal{G}$ .
$0arrow(\wedge p^{*}\eta^{*})\otimes p^{*}\mathcal{G}sarrow P_{s,\bullet}(\mathcal{G})$ , $s=0,1,2,$ $\ldots$
. $P_{s,t}=P_{s,t}(\mathcal{G})$ $\mathcal{O}_{P}(j)\otimes A(s),$ $j>0$ , ,
$R^{k}q_{*}(\mathcal{O}_{P}(j)\otimes A(s))=H^{k}(P\cross V, \mathcal{O}_{P}(j)\otimes A(s))$
$=\{$
0 $k>0$
$\Gamma(P, O_{P}(j))\otimes\Gamma(V, \mathcal{O}_{V}(s))$ $k=0$
, $P_{s,t}$ q* .











$\mathrm{h}\text{ }\mathrm{r}E\mathrm{f},t$ l $E^{2}$ $H_{-t}(G.)=R^{t}q_{*}(\mathcal{O}_{Z}\otimes p^{*}\mathcal{G})$ .
, 7.1
$G_{n}=F_{n}\oplus L_{n}$ , $\{F_{n}\}$ , $\{L_{n}\}$
$F_{n}=H_{n}(G_{\bullet}\otimes \mathrm{C})\otimes A$ . $\mathrm{C}=A/A_{+}$ . $\otimes \mathrm{C}$
$\{q_{*}P_{\bullet\bullet},\}$
$H_{n}(G_{\bullet} \otimes \mathrm{C})=\bigoplus_{\epsilon+t=n}H_{t}(q_{*}P_{s,\bullet}\otimes \mathrm{C})=\bigoplus_{s+t=n}H^{-t}(P, (\wedge^{s}\eta^{*})\otimes \mathcal{G})$
$F_{n}=\oplus_{a\geq 0}H^{a}(P, \wedge^{a+n}\eta^{*}\otimes \mathcal{G})\otimes A(-a-n)$ .
9.3. $R^{k}q_{*}(\mathcal{O}_{Z}\otimes p^{*}\mathcal{G})=0(k>0)$ $\{F_{s}(\mathcal{G})\}$ $q_{*}(\mathcal{O}_{Z}\otimes p^{*}\mathcal{G})$ $A$ .
94. $\Sigma=q(Z)$ , $q:Zarrow\Sigma$ .
(i) $q_{*}\mathcal{O}_{Z}$ $\mathcal{O}_{\Sigma}$ .
(ii) $R^{k}q_{*}\mathcal{O}\mathrm{z}=0(k>0)$ , $q_{*}\mathcal{O}_{Z}$ $A$
.
(iii) $R^{k}q_{*}\mathcal{O}_{Z}=0(k>0)$ $F_{0}=H^{0}(P, \eta)\otimes A=A$ O $A$
. $\langle$ $\Sigma$ .
95. $\mathcal{G}_{v},$ $v=0,1,$ $\ldots,$ $m$ , $P$ , $P\cross V$
$0arrow p^{*}\mathcal{G}_{m}arrow\cdotsarrow p^{*}\mathcal{G}_{1}arrow p^{*}\mathcal{G}_{0}arrow 0$
9.1 .
$P_{s,t}= \bigoplus_{u+v=s}P_{u,t}(\mathcal{G}_{v})$
, $s$ G $\Gamma$ $\otimes A(s-v)$ $P_{u,t}(\mathcal{G}_{v})$ $\mathcal{O}_{P}(j)\otimes A(s-v)$ ,
$j>0$ , . $\{q_{*}P_{\bullet\bullet},\}$ $G_{\bullet}$
. $\{q_{*}P_{\bullet\bullet},\}$ $\otimes \mathrm{C}$
$H_{n}(G$. $\otimes \mathrm{C})=\bigoplus_{s+t=n}H^{-t}(q_{*}P_{s,\bullet}\otimes \mathrm{C})$
. $s$ , $\{q_{*}P_{\mathrm{s}-U_{\backslash }t}..(\mathcal{G}_{v})\otimes \mathrm{C}\}_{v,t}$
$H_{n}.(G_{\bullet}(\overline{.\backslash }’,\mathrm{c}))$ .
$\mathrm{v}\mathrm{e}\mathrm{r}\iota^{E_{v,t}^{1}=R^{-t}q_{*}((\wedge p^{*}\eta^{*})\otimes p^{*}\mathcal{G}_{v})}s-v\Rightarrow H_{v+t}(q_{*}P_{s,\bullet}\otimes \mathrm{C})$
17
, Bott .
$E$ $n$ , Grass $(r, E)$ Grassmann , $\mathcal{E}$ Grass $(r, E)\cross Earrow$
Grass(r, $E$ ) ,
$0arrow \mathcal{K}arrow \mathcal{E}arrow Qarrow 0$
Grass $(r, E)$ (tautological sequence) .
96(Bott ). $\alpha=(\alpha_{1}, \ldots, \alpha_{r}),$ $\beta=(\beta_{1}, \ldots, \beta_{n-r})$ , Grass(n-r, $E$ )
$\mathrm{S}_{\alpha}Q\otimes \mathrm{S}\beta \mathcal{K}$ $\lambda=(\alpha, \beta),$ $\rho=(n, n-1, \ldots, 1)$ .
(i) $\lambda+\rho$ ,
$H^{k}$ (Grass(n-r, $E$), $\mathrm{S}_{\alpha}Q\otimes \mathrm{S}\beta \mathcal{K}$) $=0$ , $k\geq 0$ .
(ii) $\lambda+\rho$ , $\lambda+\rho$
$\sigma(\lambda+\rho)$ . $\sigma^{\bullet}(\lambda)=\sigma(\lambda+\rho)-\rho$ . $\lambda+\rho$ $\sigma(\lambda+\rho)$
$l(\sigma)$ .
$H^{k}$ (Grass(n-r, $E$), $\mathrm{S}_{\alpha}Q\otimes \mathrm{S}_{\beta}\mathcal{K}$) $=\{$
0 $k\neq l(\sigma)$ ,
$\mathrm{S}_{\sigma^{\bullet}(\lambda)}E$ $k=l$ ( ) .
$\ovalbox{\tt\small REJECT} 9.7$ . Grass $(n-r, E)=\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, E^{*})\text{ ^{}\backslash \backslash }$
$0arrow Q^{*}arrow \mathcal{E}^{*}arrow \mathcal{K}^{*}arrow 0$
Grass(r, $E^{*}$ )
(i) $\lambda+\rho$ ,
$H^{k}$(Grass(n-r, $E$), $\mathrm{S}_{\alpha}\mathcal{K}^{*}\otimes \mathrm{S}\beta Q^{*}$ ) $=0$ , $k\geq 0$ .
(ii) $\lambda+\rho$ ,
$H^{k}$ (Grass(n-r, $E$), $\mathrm{S}_{a}\mathcal{K}^{*}\otimes \mathrm{S}\beta Q^{*}$ ) $=\{$
0 $k\neq l(\sigma)$ ,
$\mathrm{S}_{\sigma^{\bullet}(\lambda)}E^{*}$ $k=l$ ( ) .
10
$V$ $n$ , $V^{*}$ $V$ $\mathrm{C}$- . $\mathrm{S}\mathrm{y}\mathrm{m}V^{*}=$
$\oplus_{d>0}\mathrm{S}\mathrm{y}\mathrm{m}^{d}V^{*}$ $V$ $\mathrm{C}[x_{1}, \ldots, x_{n}]$ . $V=\mathrm{C}^{n}$
.
18
$Earrow M$ , $\mathcal{E}$ $E$
$\mathrm{S}\mathrm{y}\mathrm{m}_{\mathcal{O}}\mathcal{E}^{*}$ $E$ .
$\mathrm{C}^{n},$
$\mathrm{C}^{p}$ $T\mathrm{C}^{n},$ $T\mathrm{C}^{p}$ . $\mathrm{C}^{n}\cross \mathrm{C}^{p}$ $J_{k^{n}}$
$J_{k}=\mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{S}\mathrm{y}\mathrm{m}^{k}T\mathrm{C}^{n}, T\mathrm{C}^{p})=\mathrm{S}\mathrm{y}\mathrm{m}$ $kT^{*}\mathrm{C}^{n}\otimes T\mathrm{C}^{p}$
, $J^{k}=\oplus_{l=1}^{k}J\downarrow$ $k$-jet . $\{Z_{i_{1},\ldots,i_{l}}^{J}|1\leq$













$\mathcal{O}_{J^{k}}$ $(m_{1}, \ldots, m_{k})$ .
$\mathrm{S}_{\alpha}T\mathrm{C}^{n}\otimes \mathrm{S}_{\beta}T^{*}\mathrm{C}^{p}$ .
$A=\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(\mathrm{R}^{n}, 0)\cross \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(\mathrm{R}^{p}, 0)$
$J^{k}$ , $J^{k}$
$\mathcal{O}_{J^{k}}$. $A$ . $A$ $\mathcal{O}_{J^{k}}$ I
. $j^{k}f(0)$ . $f$
. I .
$(x_{1}, \ldots, x_{n})\mapsto(cx_{1}, \ldots, cx_{n}),$ $c\neq 0$ , J (
. $Z^{j}$ \iota $\ell$ I . I
$i_{1_{\rangle}}\ldots,i_{l}$
$A=\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(\mathrm{R}^{n}, 0)\cross \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(\mathrm{R}^{p}, 0)$ , $\mathrm{G}\mathrm{L}(n, \mathrm{C})\cross \mathrm{G}\mathrm{L}(p, \mathrm{C})$
. .
: I Schur .
11 Lascoux : $O_{\overline{\Sigma}^{\dot{\eta}}}$
9.1 Bott Lascoux .
$E=T\mathrm{C}^{n},$ $F=T\mathrm{C}^{p}$ ( $E=T^{*}\mathrm{C}^{p},$ $F=T^{*}\mathrm{C}^{n}$ ) 1-jet space $\mathrm{H}\mathrm{o}\mathrm{m}(T\mathrm{C}^{n}, T\mathrm{C}^{p})$
Thom-Boardman $\Sigma^{i}$ Zariski $-i\Sigma$ .
$E,$ $F$ , $V=\mathrm{H}\mathrm{o}\mathrm{m}(E, F),$ $\dim E=n$ $P=\mathrm{G}1^{\cdot}\mathrm{a}\mathrm{b}^{\mathrm{B}}.\mathrm{s}\mathfrak{i}i,$ $E$ ) $=$
Grass(r, $E^{*}$ ), $r=n-i$ , $P\cross Earrow P$ $\mathcal{E},$ $P\cross Farrow P$
$F,$ $P\cross \mathrm{I}’,arrow P$ $\xi$ .
$Z=\{(K, \phi)\in \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(i, E)\cross V : \mathrm{K}\mathrm{e}\mathrm{r}\phi\supset K\}$
$\cong\{(Q^{*}, \phi^{*})\in \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, E^{*})\cross V^{*} : {\rm Im}\phi^{*}\subset Q^{*}\}$
19
1LL $Z$ .
1 . Grass(i, $E$ )
$0arrow \mathcal{K}arrow \mathcal{E}arrow Qarrow 0$
$F$ $F$ . $\phi\in \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{E}, F)$ $E$ $i$ $K$ ,
$\Phi=\phi|_{K}$
$\Phi$ : Grass $(i, E)\cross \mathrm{H}\mathrm{o}\mathrm{m}(E, F)arrow \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{K}, F)$
. $\mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{K}, F)$ Grass(i, $E$ ) $\cross \mathrm{H}\mathrm{o}\mathrm{m}(E, F)$
. $\Phi$ $\mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{K}, F)$
$\Psi$
.
$d\Psi$ : $T(K,\phi)$ (Grass(i, $E)\cross \mathrm{H}\mathrm{o}\mathrm{m}(E,$ $F)$ ) $arrow T_{\Psi(K,\phi)}\mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{K}, F)arrow \mathrm{H}\mathrm{o}\mathrm{m}(K, F)$
, \in Hom(Gr $\mathrm{s}$ ( $\mathrm{i}$ , $E$), $F$ ) $\varphi’|_{K}=\varphi$ , \mbox{\boldmath $\varphi$}’|K $=0$ $\varphi’\in \mathrm{H}\mathrm{o}\mathrm{m}(E, F)$ ,
$c$ : $(\mathrm{C}, \mathrm{O})arrow \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(i, E)\cross \mathrm{H}\mathrm{o}\mathrm{m}(E, F)$ , $t\mapsto(K, \phi+t\varphi’)$
$c$ $\frac{dc}{dt}(0)$ $\varphi$
$d\Psi$ . $Z=\Psi^{-1}(0)$ $Z$
.
2 . $P=\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, E^{*})$
$0arrow Q^{*}arrow \mathcal{E}^{*}arrow \mathcal{K}^{*}arrow 0$
$Z\cong\{(Q^{*}, \phi^{*})\in \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, E^{*})\cross V^{*} : {\rm Im}\phi^{*}\subset Q^{*}\}$
, $Zarrow P$ $P$ $\zeta=Q^{*}\otimes F$
. $Z$ $Q^{*}$ .
$\mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{K}, Q)$ Grass(i, $E$ ) $.\supset*\mathrm{i}$ 1 .
$\mathrm{O}arrow TZarrow(\mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{K}, Q)\oplus T\mathrm{H}\mathrm{o}\mathrm{m}(E, F))|_{Z}arrow \mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{K}, F)|_{Z}arrow 0$ .
$\mathrm{H}\mathrm{o}\mathrm{m}(\mathcal{K}, F)|z$ $Z\subset \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(i, E)\cross \mathrm{H}\mathrm{o}\mathrm{m}(E, F)$ . 2
$\mathcal{O}_{Z}=\mathrm{S}\mathrm{y}\mathrm{m}(Q\otimes \mathcal{F}^{*})$
.
$q:P\cross Varrow V$ . $\Sigma=q(Z)$ $q:Zarrow\Sigma$
$\Sigma$ .






$H^{k}(Z, \mathcal{O}_{Z})=H^{k}(P, \mathrm{S}\mathrm{y}\mathrm{m}(Q\otimes F^{*}))=\bigoplus_{\lambda}H^{k}(P, \mathrm{S}_{\lambda}Q)\otimes \mathrm{S}_{\lambda}F^{*}=\{$
0, $(k>0)$ ,
$q_{*}O_{Z}$ , $(k=0)$ .
9.1 $\{F_{\bullet}\}$ $q_{*}\mathcal{O}_{Z}$ A- .
$P=\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, E^{*})$ $0arrow\zetaarrow\xiarrow\etaarrow 0$ . $\mathrm{O}arrow Q^{*}arrow \mathcal{E}^{*}arrow$
$\mathcal{K}^{*}arrow 0$ $F$ . $Z$ $\zeta$
$Z$ $P\cross V$ $p^{*}\eta^{*}=p^{*}$ $(\mathcal{K}\otimes \mathcal{F}‘)$ .
$F_{s}= \bigoplus_{t\geq 0}H^{t}(P,\wedge\eta^{*})\otimes A(-s-t)s+t$
. $\wedge^{s+t}\eta^{*}=\wedge^{s+t}(\mathcal{K}\otimes F^{*})=\oplus_{\lambda:|\lambda|=s+t}\mathrm{S}_{\lambda}\mathcal{K}\otimes \mathrm{S}_{\lambda^{\sim}}F^{*}$ .
$F_{s}=\oplus$ $\oplus$ $H^{t}(P, \mathrm{S}_{\lambda}\mathcal{K})\otimes \mathrm{S}_{\lambda^{\sim}}F^{*}\otimes A(-s-t)$ .
$t\geq 0\lambda:|\lambda|=s+t$







0 $(k\neq ra)$ ,
H P, $\mathrm{S},\mathcal{K}$ ) $\ovalbox{\tt\small REJECT}$ ’
$\mathrm{S},.E$ , $(k\ovalbox{\tt\small REJECT} ra)$
.
$F_{s}= \bigoplus_{a=0}^{i}\bigoplus_{\lambda:|\lambda|=s+ra}\mathrm{S}_{\lambda}\bullet E\otimes \mathrm{S}_{\lambda^{\sim}}F^{*}\otimes A(-s-ra)$
. $a=0$ (2) $\lambda=(0, \ldots, 0)$ $F_{0}=A$
. $a\geq 1$ , $\lambda$ (2) , $\alpha_{b}=\lambda_{b}-a-7^{\cdot},$ $b=1,$ $\ldots,$ $a$ ,
$\beta_{b}=\lambda_{a+b},$ $b=1,$ $\ldots,$ $i-a$ , , $|\lambda|=a^{2}+ra+|\alpha|+|\beta|$ .
$F_{s}= \bigoplus_{a=1}^{q}\bigoplus_{\lambda}$ ($\mathrm{S}_{\lambda^{\bullet}}E\otimes \mathrm{S}_{\lambda^{\sim}}F^{*}\otimes A$(-s-ra) : $s=|\alpha|+|\beta|+a^{2}$), $s>0$
. Lascoux .
$F_{1}=\wedge E\otimes\wedge F^{*}\otimes A(-r-1)r+1r+1$
$\mathcal{O}_{\Sigma}=q_{*}\mathcal{O}_{Z}=\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}\{F_{1}arrow F_{0}\}$ , generic matrix $r+1$
.
$r=n-1$ Eagon-Northcott .
$F_{s}=\mathrm{S}_{s,1^{n-1}}E\otimes s+n-1\wedge F^{*}\otimes A$ , $(s>0)$
.
$V=\mathrm{H}\mathrm{o}\mathrm{m}(E, F)\cong \mathrm{H}\mathrm{o}\mathrm{m}(F^{*}, E^{*})$ , , $E$ $F^{*}$ , $F$ $E^{*}$ , $n=\dim E$
$p=\dim$ F*\iota , .
$Z=\{(R^{*}, \’) \in \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(p-r, F^{*})\cross V^{*} : \mathrm{K}\mathrm{e}\mathrm{r}\phi^{*}\supset R^{*}\}$
$=\{(L, \phi)\in \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, F)\mathrm{x}V : {\rm Im}\phi\subset L\}$
.
12
$E$ $n$ , $V=\mathrm{S}_{2}E$ . , $\phi\in V=\mathrm{S}_{2}E$ , $\mathrm{S}_{2}E\subset E\otimes E=$
$\mathrm{H}\mathrm{o}\mathrm{m}(E, E^{*})$
$\hat{\phi}$ : $Earrow E^{*}$ , $A=\mathrm{S}\mathrm{y}\mathrm{m}(\mathrm{S}_{2}E^{*})$ . $P=$
Grass(i, $E^{*}$ ) $=\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, E),$ $r=n-i$ , Grassman . $P$
$0arrow Karrow Earrow Qarrow 0$
.
$Z=\{(K, \phi) \in \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(i, E)\cross V|\mathrm{K}\mathrm{e}\mathrm{r}\hat{\phi}\supset K\}$
$\simeq\{(Q^{*}, \’) \in \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, E^{*})\cross V^{*}|{\rm Im}\hat{\phi}^{*}\subset Q^{*}\}$
22
, $Z$ $\mathbb{S}_{2}\mathcal{Q}‘arrow P$ . $\mathcal{O}_{Z}\ovalbox{\tt\small REJECT} \mathrm{S}\mathrm{y}\mathrm{m}(\mathrm{S}_{2}Q)$ . $\mathcal{E}$
$P\otimes Varrow P$ , .
$0arrow\zeta=\mathrm{S}_{2}Q^{*}arrow\xi=\mathrm{S}_{2}\mathcal{E}^{*}arrow\eta=\mathcal{E}^{*}\mathrm{O}\mathcal{K}^{*}arrow 0$




$q|z:Zarrow X$ . $\phi\mapsto(\mathrm{K}\mathrm{e}\mathrm{r}\hat{\phi}, \phi)$ .
$H^{k}(Z, \mathcal{O}z)=H^{k}(P,p_{*}\mathcal{O}_{Z})=H^{k}$ ( $P$, Sym(S2Q))
$=H^{k}(P, \bigoplus_{m\geq 0}\mathrm{S}_{m}(\mathrm{S}_{2}Q))=H^{k}(P,\bigoplus_{m\geq 0}\bigoplus_{\lambda\in E(2m)}\mathrm{S}_{\lambda}Q)$
$=\{$
0, $k>0$ ,
$\oplus_{m\geq 0}\oplus_{\lambda\in E(2m)}\mathrm{S}_{\lambda}\mathcal{E}=A$, $k=0$ ,
. Bott . $X$ .
$P$ $0arrow\zetaarrow\xiarrow\etaarrow 0$ .
$\ovalbox{\tt\small REJECT}=\bigoplus_{t\geq 0}H^{t}(P,\wedge\eta^{*})s+t.\otimes A(-s-t)$
. $\eta^{*}=\mathrm{K}\mathrm{e}\mathrm{r}\{\mathrm{S}_{2}\mathcal{E}arrow \mathrm{S}_{2}Q\}=\mathcal{K}\mathrm{O}\mathcal{E}$ .





Morin \Delta il’... . $I=(.1\leq$
$i_{1}\leq\cdots\leq i_{l}\leq n)$ $i=1,$ $\ldots,$ $n$ is\leq i\leq i +l $s$ $I+i=(1\leq i_{1}\leq$
. . . $\leq i_{s}\leq i\leq i_{s+1}\leq\cdots\leq i,$ $\leq n$ ) .
$D_{i}= \sum_{j=1}^{p}\sum_{I}Z_{I+i}^{j}\frac{\partial}{\partial Z_{I}^{j}}$ , $\dot{i}=1,$ $\ldots,$ $n$
23
, Morin $\Delta^{i_{1},\ldots,i_{k}}$ . , $\mathbb{J}I$ $M$ $r$
$I_{r}(M)$ . $\Delta^{i_{1}}$ .
$\Delta^{i_{1}}=I_{n-i_{1}+1}(\begin{array}{ll}Z_{1}^{1} Z_{n}^{1}\vdots \vdots Z_{1}^{p} Z_{n}^{p}\end{array})$ .
$\Delta^{i_{1},..,i_{k-1}}$ , $\varphi_{1},$ $\ldots,$ $\varphi_{s}$ .
$\Delta^{i_{1,\ldots\prime}i_{k}}=$
.
$\Delta^{i_{1},\ldots,i_{k-1}}+I_{n-i_{k}+1}(\begin{array}{ll}Z_{1}^{1} Z_{n}^{1}\vdots \vdots Z_{1}^{p} Z_{n}^{p}D_{1}\varphi_{1} D_{n}\varphi_{1}\vdots \vdots D_{1}\varphi_{s} D_{n}\varphi_{S}\end{array})$
$\Delta^{i_{1},\ldots,i_{k}}$ .
Morin .
$(\begin{array}{l}Z_{i}^{j}D_{i}Z_{I}^{J}\end{array}),$ $\# I=\# J=n-i_{1}+1$
$n-i_{2}+1$




14.1. $\Sigma^{I}(n-1,p-1)$ $\Sigma^{I}(n,p)$ .
(i) $\Sigma^{I}(n,p)$ Cohen-Macaulay $\Sigma^{I}(n-1,p-1)$ Cohen-Macaulay.
(ii) $\Sigma^{I}(n,p)$ $\Sigma^{I}(n-1,p-1)$ .
(iii) $\Sigma^{I}(n,p)$ $\Sigma^{I}(n-1,p-1)$ .
15 : $\mathcal{O}_{\overline{\Sigma}^{i,i,\ldots,i.j}}$ $\Sigma^{i}$
jet $\Sigma^{i}$ $i$
$i=n$ . $\Sigma^{i,\ldots,i,j}$ $i$ $n$
.







$\Sigma=\Sigma\hat{n,\ldots,n},jd-1=\{\phi\in V : \exists Q^{*}\in \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, T^{*}\mathrm{C}^{n})\mathrm{s}.\mathrm{t}. \phi\in \mathrm{S}_{d}Q^{*}\otimes T\mathrm{C}^{p}\}$
$\Sigma$ . $V$ $\phi$
$\hat{\phi}:T\mathrm{C}^{n}arrow \mathrm{S}_{d-1}T^{*}\mathrm{C}^{n}\otimes T\mathrm{C}^{p}$ , $\hat{\phi}^{*}:$ $\mathrm{S}_{d-1}T\mathrm{C}^{n}\otimes T^{*}\mathrm{C}^{p}arrow T^{*}\mathrm{C}^{n}$
$Z$ .
$Z=\{(K, \phi)\in \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(j, T\mathrm{C}^{n})\cross V : \mathrm{K}\mathrm{e}\mathrm{r}\hat{\phi}\supset K\}$
$=\{(Q^{*}, \phi^{*})\in \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, T^{*}\mathrm{C}^{n})\cross V^{*} : {\rm Im}\hat{\phi}^{*}\subset Q^{*}\}$
$p$ : $Zarrow \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, T^{*}\mathrm{C}^{n}),$ $q$ : $Zarrow V$ . $P=\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, T^{*}\mathrm{C}^{n})=\mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(n-$
$r,$ $T\mathrm{C}^{n})$ Grass(n-r, $T\mathrm{C}^{n}$)
$0arrow \mathcal{K}arrow p^{*}T\mathrm{C}^{n}arrow Qarrow 0$
. $q(Z)=\Sigma$ $Zarrow\Sigma$ , $Z$ $P$ $\mathrm{S}_{d}Q^{*}\otimes T\mathrm{C}^{p}$
, $Zarrow\Sigma$ $\Sigma$ .
$R^{k}q_{*}\mathcal{O}_{Z}=H^{k}(Z, \mathcal{O}_{Z})$ .
$H^{k}(Z, \mathcal{O}_{Z})=H^{k}(P,p_{*}\mathcal{O}_{Z})=H^{k}(P, \mathrm{S}\mathrm{y}\mathrm{m}(\mathrm{S}_{d}Q\otimes T^{*}\mathrm{C}^{p}))$
$=H^{k}(P, \bigoplus_{m\geq 0}\mathrm{S}_{n},(\mathrm{S}_{d}Q\otimes T^{*}\mathrm{C}^{p}))=H^{k}(P,\bigoplus_{m\geq 0}\bigoplus_{\lambda:|\lambda|=m}\mathrm{S}_{\lambda}\mathrm{S}_{d}Q\otimes \mathrm{S}_{\lambda}T^{*}\mathrm{C}^{p})$
$=H^{k}(P, \bigoplus_{m\geq 0}\bigoplus_{\lambda,\mu:|\lambda|=\cdot n,|l^{\iota|=\iota\prime\iota d}}a_{\lambda,\{d)}^{\mu}\mathrm{S}_{\mu}Q)\mathrm{t}_{-}^{-.\mathrm{S}_{\lambda}T^{*}\mathrm{C}^{p}}..\backslash \cdot \mathfrak{l}$
$=\{$
0, $k>0$ ,
$\oplus_{?n\geq 0}\oplus_{\lambda,\mu:|\lambda|=m,|\mu|=md}a_{\lambda,(d)}^{\mu}\mathrm{S}_{\mu}T\mathrm{C}^{n}\otimes \mathrm{S}_{\lambda}T^{*}\mathrm{C}^{p}=\mathcal{O}_{V}$ , $k=0$ ,
25
. Bott . $\Sigma$ .
$\xi\ovalbox{\tt\small REJECT}(P\cross Varrow P),$ $\zeta\ovalbox{\tt\small REJECT}(Zarrow P)$ $P$
$0arrow\zetaarrow\xiarrow\etaarrow 0$
.
$F_{s}= \bigoplus_{t\geq 0}H^{t}(P,\wedge\eta^{*})s+t\otimes A(-s-t)$
. $\eta^{*}$ .
$\ovalbox{\tt\small REJECT}=\mathrm{K}\mathrm{e}\mathrm{r}\{p^{*}(\mathrm{S}_{d}T\mathrm{C}^{n})\otimes T^{*}\mathrm{C}^{p}arrow \mathrm{S}_{d}Q\otimes T^{*}\mathrm{C}^{p}\}=\mathcal{K}\mathrm{O}\mathrm{S}_{d-1}T\mathrm{C}^{n}\otimes T^{*}\mathrm{C}^{p}$
.
151.
${\rm Im}\{F_{1}arrow F_{0}\}={\rm Im}\{^{r+1}\wedge T\mathrm{C}^{n}\otimes\wedge(\mathrm{S}_{d-1}T\mathrm{C}^{n}r+1\otimes T^{*}\mathrm{C}^{p})arrow A\}$ .
16 $\Sigma^{i,j}$ Zariski Cohen-Macaulay
$\Sigma^{i,j}$ Ronga [7] .
, Cohen-Macaulay .
$V=J^{2}=J_{1}\oplus J_{2}$ .
$J_{1}=\mathrm{H}\mathrm{o}\mathrm{m}(T\mathrm{C}^{n}, T\mathrm{C}^{p})\cong T^{*}\mathrm{C}^{n}\otimes T\mathrm{C}^{p}$
$J_{2}=\mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{S}_{2}T\mathrm{C}^{n}, T\mathrm{C}^{p})\cong \mathrm{S}_{2}T^{*}\mathrm{C}^{n}\otimes T\mathrm{C}^{p}$
. $J_{1},$ $J_{2}$ $\phi_{1},$ $\phi_{2}$ $[\phi_{1}],$ $[\phi_{2}]$ .
$A=\mathcal{O}_{V}=\mathrm{S}\mathrm{y}\mathrm{m}(T\mathrm{C}^{n}\otimes T^{*}\mathrm{C}^{p}\oplus \mathrm{S}_{2}T\mathrm{C}^{n}\otimes T^{*}\mathrm{C}^{p})$
$\langle$ .
$\Sigma^{i}=\{(\phi_{1}, \phi_{2})\in V : \dim \mathrm{K}\mathrm{e}\mathrm{r}\phi_{1}\geq i\}$
$\Sigma^{i}$ .
$(\phi_{1}, \phi_{2})\in\Sigma^{i}$ $r=n-i$ , $\phi_{1}$ $r$ ${\rm Im}\phi_{1}$






$\subset(r\wedge T^{*}\mathrm{C}^{n}\otimes\wedge T\mathrm{C}^{p})r\otimes(T^{*}\mathrm{C}^{n}\otimes T^{*}\mathrm{C}^{n}\otimes T\mathrm{C}^{p})$
$=(r\wedge T^{*}\mathrm{C}^{n}\otimes T^{*}\mathrm{C}^{n})\otimes(r\wedge T\mathrm{C}^{p}\otimes T\mathrm{C}^{p})\otimes T^{*}\mathrm{C}^{n}$
$arrow(^{r+1}\wedge T^{*}\mathrm{C}^{n}\otimes\wedge T\mathrm{C}^{p})r+1\otimes T^{*}\mathrm{C}^{n}$
$[\Lambda^{f}\phi_{1}]\otimes[\phi_{2}]$ $[\psi_{r}]$ .
$(r\wedge W)\otimes W=\mathrm{S}_{2,1^{r-1}}W\oplus\wedge Wr+1$, $W=T^{*}\mathrm{C}^{n}$ , $T\mathrm{C}^{p}$
2 . $[\psi_{r}]$
$\psi_{r}$ : $T\mathrm{C}^{n}arrow r+1r+1\wedge T^{*}\mathrm{C}^{n}\otimes\wedge T\mathrm{C}^{p}$
$\theta_{r}=(\phi_{1}, \psi_{r})$
$\theta_{f}$ : $T\mathrm{C}^{n}arrow T\mathrm{C}^{p}\oplus\wedge T^{*}\mathrm{C}^{n}r+1\otimes r+1\wedge T\mathrm{C}^{p}$
. \Sigma $\dim \mathrm{K}\mathrm{e}\mathrm{r}\phi_{1}=i,$ $\dim \mathrm{K}\mathrm{e}\mathrm{r}\theta_{r}\geq j$ Zariski
. Flag(i, $j,$ $T\mathrm{C}^{n}$ ) $(T\mathrm{C}^{n}\supset K_{1}\supset K_{2} : \dim K_{1}=i, \dim K_{2}=j)$
$Q_{s}=T\mathrm{C}^{n}/K_{s},$ $s=1,2$ , .
$Z_{1}=\{(K_{1}, K_{\underline{\mathrm{o}}};\phi_{1}, \phi_{2})\in \mathrm{F}1\mathrm{a}\mathrm{g}(i, j, T\mathrm{C}^{n})\cross V : \mathrm{K}\mathrm{e}\mathrm{r}\phi_{1}\supset K_{1}\}$
$=\{(Q_{2}^{*}, Q_{1}^{*};\phi_{1}^{*}, \phi_{2}^{*})\in \mathrm{F}1\mathrm{a}\mathrm{g}(n-j, n-i, T^{*}\mathrm{C}^{n})\cross V^{*} : {\rm Im}\phi_{1}^{*}\subset Q_{1}^{*}\}$
$Z_{1}arrow \mathrm{F}1\mathrm{a}\mathrm{g}(i,j, T\mathrm{C}^{n})$ Grass(n-
$r,$ $T^{*}\mathrm{C}^{n})$ $(Q_{1}^{*}\oplus \mathrm{S}_{2}T^{*}\mathrm{C}^{n})\otimes T\mathrm{C}^{p}$ . $Z_{1}$
. $Z_{1}$ $\phi_{1},$ $\phi_{2}$




$Z’=\{(K_{1}, K_{2;}\phi_{1}, \phi_{2})\in Z_{1} : \dim \mathrm{K}\mathrm{e},\mathrm{r}\hat{\theta}\geq i\mathrm{O}j’\}$
$\cong\{(K_{1}, K_{9,\sim};\phi_{1}, \phi_{l}..)\in Z_{1} : \dim{\rm Im}\hat{\theta}\leq r\}$
. $Z’$ Flag(i, $j’,$ $F$ ) $\cross V$ $\hat{\theta}\in \mathrm{H}\mathrm{o}\mathrm{m}(Q_{1}\oplus \mathcal{K}_{1}\mathrm{O}\mathcal{K}_{2}$ , TC
$r$ .
161(Ronga). $Z’arrow V$ $\Sigma^{i,j}$ .
27
$\mathrm{H}\mathrm{o}\mathrm{m}(Q_{1}\oplus \mathcal{K}_{1}\mathrm{O}\mathcal{K}_{2}, T\mathrm{C}^{p})$ ,
– . $\hat{\theta}$ /{
$d\Psi$ : $TZ_{1}arrow T\mathrm{H}\mathrm{o}\mathrm{m}(Q_{1}\oplus \mathcal{K}_{1}\mathrm{O}\mathcal{K}_{2}, T\mathrm{C}^{p})arrow \mathrm{H}\mathrm{o}\mathrm{m}(Q_{1}\oplus K_{1}\mathrm{O}K_{2}, T\mathrm{C}^{p})$
. . $(K_{1}, K_{2};\phi_{1}, \phi_{2})\in Z_{1}$
. $(\varphi_{1}, \varphi_{2})\in \mathrm{H}\mathrm{o}\mathrm{m}(Q_{1}\oplus K_{1}\mathrm{O}K_{2}, T\mathrm{C}^{p})$ $\varphi_{1}’\in \mathrm{H}\mathrm{o}\mathrm{m}(T\mathrm{C}^{n}, T\mathrm{C}^{p})$
$\varphi_{1}=\varphi_{1}’\mathrm{m}\mathrm{o}\mathrm{d} K_{1},$ $\varphi_{1}|_{K_{1}}=0$
$\mathrm{K}\mathrm{e}\mathrm{r}(\phi_{1}+t\varphi_{1}’)\supset K_{1}$ . $\varphi_{2}’\in$
$\mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{S}_{2}T\mathrm{C}^{n}, T\mathrm{C}^{p})$ $\varphi_{2}=\varphi_{2}’|_{K_{1}\mathrm{O}K_{2}}$ .
$c:(\mathrm{C}, 0)arrow Z_{1}$ , $t\mapsto(K_{1}, K_{2;}\phi_{1}+t\varphi_{1}’, \phi_{2}+t\varphi_{2}’)$
$c$ $\frac{dc}{dt}(0)$
$(\varphi_{1}, \varphi_{2})$ .
$\Psi$ : $Z_{1}arrow \mathrm{H}\mathrm{o}\mathrm{m}(Q_{1}\oplus K_{1}\mathrm{O}K_{2}, T\mathrm{C}^{p})$
$1\mathrm{h}$ submersion $\text{ }\Sigma^{i,j}\#\mathrm{h}$
{ $\psi\in \mathrm{H}\mathrm{o}\mathrm{m}(Q_{1}\oplus K_{1}\mathrm{O}K_{2},$ $T\mathrm{C}^{p})$ : rank $\psi\leq r$ }
$\Psi$ .
$Z=\{(L;K_{1}, K_{2}; \phi_{1}, \phi_{2})\in \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(r, T\mathrm{C}^{p})\cross Z_{1} : {\rm Im}\hat{\theta}\subset L\}$
$Z’$ ( $\neg.,j\Sigma$ ) .
$q_{1}$ : Grass(r, $T\mathrm{C}^{p}$ ) $\cross Z_{1}arrow Z_{1}$ $\mathcal{O}_{Z}$ (Koszul )
ql,O $\mathcal{O}_{Z_{1}}$ - Lascoux
.
. . . $arrow r+1r+1\wedge(Q_{1}\oplus \mathcal{K}_{1}\mathrm{O}\mathcal{K}_{2})\otimes\wedge T\mathrm{C}^{p}\otimes \mathcal{O}_{Z_{1}}arrow \mathcal{O}_{Z_{1}}arrow 0$
$i=$ $p+1(r=p-1)$ $i=j=1$ Eagon-Northcott
.
$\rho$ :Flag(i, $j,$ $T\mathrm{C}^{n}$ ) $\cross Varrow \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(i, T\mathrm{C}^{n})\cross V$ Grass(i, $T\mathrm{C}^{n}$ ) $\cross$
$V$ , $V$ . .
$Z_{1}arrow \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(i, T\mathrm{C}^{n})$ $(Q_{1}^{*}\oplus \mathrm{S}_{2}T^{*}\mathrm{C}^{n}.)\otimes T\mathrm{C}^{p}$
$\mathcal{O}_{Z_{1}}=\mathrm{S}\mathrm{y}\mathrm{m}((Q_{1}\oplus \mathrm{S}_{2}T\mathrm{C}^{n})\otimes T^{*}\mathrm{C}^{p})$
.




$i=n-p+1$ . Eagon-Northcott .
, $=\{$
$O_{Z_{1}}$ , ( $s=0$ ),
$\mathrm{S}_{s,1^{\mathrm{p}-1}}T^{*}\mathrm{C}^{p}\otimes\wedge^{s+p-1}(Q_{1}\oplus \mathcal{K}_{1}\mathrm{O}\mathcal{K}_{2})\otimes \mathcal{O}_{Z_{1}}$ , ($s>0$ ).
$\mathrm{f}\mathrm{f}_{s}$ 0 $0\leq s\leq j(2n-2p-j+3)/2$
$R^{k}\rho_{*}\mathrm{f}\mathrm{f}_{0}=R^{k}\rho_{*}\mathcal{O}_{Z_{1}}=\{$
0, $k>0$ ,
$\mathrm{S}\mathrm{y}\mathrm{m}((Q_{1}\oplus \mathrm{S}_{2}T\mathrm{C}^{n})\otimes T^{*}\mathrm{C}^{p})$ , $k=0$ .
Rk\rho * , $= \mathrm{S}_{s,1^{\mathrm{p}-1}}T^{*}\mathrm{C}^{p}\otimes(^{a}\bigoplus_{a+b=s+p-1}\wedge Q_{1}\otimes R^{k}\rho_{*}\wedge^{b}(\mathcal{K}_{1}\mathrm{O}\mathcal{K}_{2}))\otimes \mathcal{O}_{Z_{1}}$.
162.
$R^{k}\rho_{*}\wedge^{b}(\mathcal{K}_{1}\mathrm{O}\mathcal{K}_{2})=\{$
0, ( $(i-j)\{k$ ),
$\oplus_{\lambda\in P_{2t,i-j-1}(2b)}\mathrm{S}_{\lambda}\mathcal{K}_{1}$ , ( $k=t(i-j)$ ).
. Flag(i, $j;E$) $0arrow \mathcal{K}_{2}arrow \mathcal{K}_{1}arrow \mathcal{K}_{1}/\mathcal{K}_{2}arrow 0$ .
$0arrow \mathcal{K}_{1}\mathrm{O}\mathcal{K}_{2}arrow \mathrm{S}_{2}\mathcal{K}_{1}arrow \mathrm{S}_{2}(\mathcal{K}_{1}/\mathcal{K}_{2})arrow 0$ .




163( ). (i) \Sigma $(n,p-1)$ Rq* $\bullet$ $\Sigma^{i,j}(n,p)$
$Rq_{*}\mathrm{f}\mathrm{f}\bullet$ $G$ Schur $p-1$
.
(ii) $\Sigma^{i-1,j}(n-1,p)$ $Rq_{*\mathrm{f}\mathrm{f}_{\bullet}}$ $\Sigma^{i,j}(n,p)$ $Rq_{*}\mathrm{f}\mathrm{f}_{\bullet}$ $F$ (
Schur $n-1$ .
. . (i) $\Sigma^{i,j}(n,p-1)$
Rq* $\bullet$ $\Sigma^{i,j}(n,p)$ $Rq_{*\mathrm{f}\mathrm{f}\bullet}$
. (ii) , $\mathrm{d}\mathrm{i}_{111}\mathcal{K}_{1}$ 1 , $\dim Q_{1}$ , \Sigma i- $(n-1,p)$
$Rq_{*}\mathrm{f}\mathrm{f}_{\bullet}$ \Sigma $(n,p)$ $Rq_{*}\mathrm{f}\mathrm{f}_{\bullet}$
.
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$\xi\ovalbox{\tt\small REJECT}$ $(J_{1}\cross \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(i, T\mathrm{C}^{n})\ovalbox{\tt\small REJECT}$ Grass $(i, T\mathrm{C}^{n})),$ $\zeta\ovalbox{\tt\small REJECT}(Z_{1}arrow \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(i, T\mathrm{C}^{n}))$
$0arrow\zetaarrow\xiarrow\etaarrow 0$ $(\lambda|\mu)\ovalbox{\tt\small REJECT} \mathrm{S},\mathcal{Q},$ $\otimes \mathbb{S},\mathcal{K}_{1}$
164. $H^{k}(1^{a}, 0^{p-1-a}|\lambda)$
$\lambda_{0}=\lambda_{1}$ .
$\bullet$ $\lambda_{j\mathrm{o}-1}\geq p+j_{0}-1,$ $j_{0}$ -1\geq \lambda $j_{0}$ $k=(j_{0}-1)(p-1)$
$H^{k}=(\lambda_{1}-p+1, \ldots, \lambda_{j\mathrm{o}-1}-p+1,j_{0}^{a}, (j_{0}-1)^{p-1-a}, \lambda_{j_{0}}, \ldots, \lambda_{n-p+1})$ .
$\bullet$ $\lambda_{j\mathrm{o}-1}\geq p+j_{0}-1,$ $\lambda_{j_{0}}=p-a+j_{0}-1$ , j0\geq \lambda j +1 $j_{0}$ $\backslash \pi$ $k=j_{0}(p-1)-a$
$H^{k}=(\lambda_{1}-p+1, \ldots, \lambda_{j_{0}-1}-p+1,j_{0}^{p}, \lambda_{j_{0}+1}, \ldots, \lambda_{n-p+1})$ .
, Bott $(1^{a}, 0^{p-1-a}|\lambda_{1}, \ldots, \lambda_{n-p+1})$ $(n, n-1, \ldots, 1)$






$j=1,$ $\ldots,$ $n-p+1$ $\mathrm{a}$
$\lambda_{j}\geq p+j$ , $\lambda_{j}=p-a+j-1$ , $\lambda_{j}\leq j-1$
$j_{0}(1\leq j_{0}\leq n-p+1)$
$\lambda_{j}\geq p+j$ $(j<j_{0})$ , $\lambda_{j}\leq j-1$ $(j\geq j_{0})$
. $j_{0}(1\leq j_{0}\leq n-p+1)$
$\lambda_{j}\geq p+j$ $(j<j_{0})$ , $\lambda_{j\mathrm{o}}=p-a+j_{0}-1$ , $\lambda_{j}\leq j-1$ $(j>j_{0})$
2
16.5. $i=n-p+1$ . $R^{k}q_{*}\mathcal{O}_{Z}=0,$ $\forall k>0$ , $\mathrm{a}$
.
(i) $I=(i, 1),$ $i=1,2,3,4,$ $p\geq 2$ .
(ii) $I=(i, 2),$ $i=2,3,$ $p\geq 2$ .
(\"ui) $I=(i, 2),$ $i=4,5,$ $p=2,3,4$ .
(iv) $p=2$ .
30
16.2 $R^{k}\rho_{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT}(\mathcal{K}, \oplus \mathcal{K}_{2})$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} t(n-p-j+\mathfrak{y}$
,, $p-\ovalbox{\tt\small REJECT}(\ovalbox{\tt\small REJECT})$





$j\geq 2$ $0\leq t<j$ $j=2$
$R^{0}\rho_{*}\wedge(\mathcal{K}_{1}\mathrm{O}\mathcal{K}_{2})0=\mathrm{S}_{0}\mathcal{K}_{1}$




$(\{\underline{\mathrm{B}}\llcorner n-p-1\leq b\leq 3(n-p))$
$R^{2(n-p-2)} \rho_{*}\wedge^{b}(\mathcal{K}_{1}\mathrm{O}\mathcal{K}_{2})=,\bigoplus_{4\lambda\in Pn-\mathrm{p}-3(2b)}\mathrm{S}_{\lambda}\mathcal{K}_{1}$
$(\{\underline{\mathrm{B}}\text{ }2(n-p+1)\leq b\leq 3(n-p))$
$j=1$ $(n-p+1,1)$
$R^{0}\rho_{*}\mathrm{f}\mathrm{f}_{0}=\mathcal{O}_{Z_{1}}$ 1-jet Eagon-Northcott
$R^{n-p}\rho_{*}\mathrm{f}\mathrm{f}_{s}=\mathrm{S}_{(s,1^{p-1})}T^{*}\mathrm{C}^{p}\otimes\wedge Q_{1}\otimes \mathrm{S}_{(2^{n-p+1})}\mathcal{K}_{1}\otimes \mathcal{O}_{Z_{1}}s-n+2p-2$
$\dim Q_{1}=p-1$ $\ell$) $0\leq s-\prime n+2p-2\leq p-1$ $’\supset$
(3) $\max\{1, n-2p+2\}\leq s\leq n-p+1$
31
. .
$\mathrm{S}_{(s,1^{p-1})}T^{*}\mathrm{C}^{p}\otimes\wedge Q_{1}\otimes \mathrm{S}_{(2^{n-p+1})}\mathcal{K}_{1}\otimes\wedge(\mathcal{K}_{1}\otimes T^{*}\mathrm{C}^{p})s-n+2p-2m$
$= \mathrm{S}(s,1^{\mathrm{p}-1})T^{*}\mathrm{C}^{p}\otimes s-n+2p-2\wedge Q_{1}\otimes \mathrm{S}(2^{n-p}+1)\mathcal{K}1\otimes(\bigoplus_{\lambda:|\lambda|=m}\mathrm{S}_{\lambda}\mathcal{K}_{1}\otimes \mathrm{S}_{\lambda^{\sim}}T^{*}\mathrm{C}^{p})$
$= \bigoplus_{\lambda:|\lambda|=m}\mathrm{S}_{(s,1^{\mathrm{p}-1})}T^{*}\mathrm{C}^{p}\otimes \mathrm{S}_{\lambda^{\sim}}T^{*}\mathrm{C}^{p}\otimes\wedge Q_{1}s-n+2p-2\otimes \mathrm{S}(2^{n-\rho+1})\mathcal{K}1\otimes \mathrm{S}_{\lambda}\mathcal{K}_{1}$
$= \bigoplus_{\lambda:|\lambda|=m,\lambda_{1}\leq p}\mathrm{S}_{(s,1^{\mathrm{p}-1})}T^{*}\mathrm{C}^{p}\otimes \mathrm{S}_{\lambda^{\sim}}T^{*}\mathrm{C}^{p}\otimes \mathrm{S}_{(1}\epsilon-n+2p-\mathrm{z})Q_{1}\otimes \mathrm{S}_{(\lambda_{1}+2,\ldots\lambda_{n-\mathrm{p}+1}+\prime 2)}\mathcal{K}_{1}$
$m+s-n+p$
$\lambda_{j\mathrm{o}-1}+2\geq p+j_{0}-1,$ $j_{0}-1\geq\lambda_{j_{0}}+2$ $j_{0}$ ,
(A) $p\geq\lambda_{1}\geq\cdots\geq\lambda_{i\mathrm{o}-1}\geq p+j_{0}-3$ , $j_{0}-3\geq\lambda_{j_{0}}\geq 0$







$(3^{1-n+2p}, 2^{2n-2p-1} ; 3^{p})[3-n\downarrow+p]$
$(n+1\leq 2p)$
$(3^{2},2^{n-2}; n-2p+4,3^{p-1})[4-p]$ $(n+1\geq 2p)$
$\lambda_{j_{0}-1}+2\geq p+j_{0}-1,$ $\lambda_{j_{0}}+2=p-(s-n+2p-2)+j_{0}-1=n-p-s+j_{0}+1,$ $j_{0}\geq\lambda_{j_{0}+1}+2$
$j_{0}$
$p\geq\lambda_{1}\geq\cdots\geq\lambda_{j\mathrm{o}-1}\geq p+j_{0}-3$ , $\lambda_{j\mathrm{o}}=n-p-s+j_{0}-1$ , j0–2\geq \lambda 1 $\geq 0$
. $j_{0}=2,3$ . $j_{0}=2$
$(B_{1})$ $\lambda=(p, n-p-s+1,0^{n-p-1})$ , $(p-1, n-p-s+1,0^{n-p-1})$
, .

















$(3,2^{n-1}; (n-2p+2,1^{p-1})\otimes(2^{p}))[3-p]$ $arrow$ $(2^{n};(n-2p+2,1^{p-1})\otimes(2^{p-1}))[2-p]$ $(n+1\geq 2\mathrm{p}\rangle$
$n-p\geq 1$ , . $n-2p\geq 1$
$(2^{n}; n-2p+2,3^{p-1})[2-p]$ .
$j_{0}=3$ .n-p $\geq 2$ ,
$(B_{2})$ $\lambda=(p,p, n-p-s+2,1^{j_{1}},0^{n-p-2-j_{1}})$ , $0\leq j_{1}\leq n-p-2$
$(3^{p+j_{1}+2},2^{n-p-j_{1}-2};(s, 1^{p-1})\otimes(j_{1}+3,3^{n-p-s+1},2^{s+2p-n-2}))[s-n+p+j_{1}+3]$
.










$(1^{n-1} ; n-p, 1^{p-1})[n-p]\downarrow$
.$\cdot$. .$\cdot$.
$\downarrow$ $\downarrow$
$(3^{p+2},2^{n-p-2};n-p+4,3^{p-1})[4]$ $arrow$ $(1^{p+2},0^{n-p-2}; 3, 1^{p-1})[3]$
$\downarrow$ $\downarrow$
$(3^{p+1},2^{n-p-1} ; n-p+3,3^{p-1})[3]$ $arrow$ $(1^{p+1},0^{n-p-1} ; 2, 1^{\mathrm{p}-1})[2]$
$\downarrow$ $\downarrow$






$(3^{1-n+2p}, 2^{2n-2p-1} ; 3^{p})[3-n\downarrow+p]$
$(n-p+1\leq p)$
$(3^{2},2^{n-2}; n-2p+4,3^{p-1})[4-p]$ $(n-p+1\geq p)$
$[1]arrow[0]$ .
$\mathrm{S}_{3^{p-1},2^{n-p+1}}T\mathrm{C}^{n}\otimes \mathrm{S}_{n-p+1,3^{\mathrm{p}-1}}T^{*}\mathrm{C}^{p}arrow \mathrm{S}_{3^{p-1}}T\mathrm{C}^{n}\otimes \mathrm{S}_{3^{\mathrm{p}-1}}T^{*}\mathrm{C}^{p}\otimes \mathrm{S}_{2^{n-p+1}}T\mathrm{C}^{n}\otimes \mathrm{S}_{n-p+1}T^{*}\mathrm{C}^{p}$
$arrow \mathrm{S}_{3(p-1)}(T\mathrm{C}^{n}\otimes T^{*}\mathrm{C}^{p})\otimes \mathrm{S}_{n-1}(\mathrm{S}_{2}T\mathrm{C}^{n}\otimes T^{*}\mathrm{C}^{p})$
$n-p=0$ (3) $s=1$ . (A) , $(B_{1})$ $\lambda=(p-1),$ $(p)$




$n-p=1$ , (3) $s=1,2$ . (A) $\lambda=(p,p)$ .
.
$(3^{p+1}; 4, 3^{p-1})[3]$ , $(3^{p}, 2;3^{p})[2]$
$(B_{1})$ $j_{0}=2,$ $\lambda_{j\mathrm{o}}=\lambda_{2}=2-s,$ $p+1-s\leq|\lambda|\leq 2p$ .
$s=1$ $\lambda=(p, 1),$ $(p-1,1),$ $s=2$ $\lambda=(p, 0),$ $(p-1,0)$ .
.




$(3^{p+1} ; 4, 3^{p-1})arrow(3^{p}, 2;3^{p})arrow(2^{p+1} ; 2^{p})$
$1$ $1$ $1$
$(1^{p+1} ; 2, 1^{p-1})arrow(1^{p}, 0;1^{p})arrow(0^{p+1} ; 0^{p})$
16.2 $i=j=1$
$n\leq p,$ $(i,j)=(1,1)$ Eagon-Northcott $\mathrm{f}\mathrm{f}_{0}=\mathcal{O}_{Z_{1}}$
$\mathrm{f}\mathrm{f}_{s}=\mathrm{S}_{s,1^{n-1}}(Q\oplus \mathrm{S}_{2}\mathcal{K})\otimes\wedge T^{*}\mathrm{C}^{p}s+n-1$ , $s=1,2,$ $\cdots,p-n+1$
.
ffs=0\leq a\oplus \leq s-1S +1,1n-2Q\otimes S2(s-a)K\otimes s+\wedge n-1T*Cp
\triangle m(K\otimes T , $m=1,$ $\cdots,p$ , Bott .
$(a+1,1^{n-2}|m+2s-2a;(1^{s+n-1})\otimes(1^{m}))[s+m]$
$H^{k}$ .
$(a+1, m-n+2s-2a+2,2^{n-2}.;(1^{s+n-1})\otimes(1^{m}))[s+m-n+2]$ $\frac{m-n+2s+1}{3}\leq a\leq\frac{m-n+2s}{2}$
$(m-n+2s-2a+3, a, 2^{n-2}; (1^{s+n-1})\otimes(1^{m}))[s+m-n+1]$ $a \leq\frac{m-n+2s+3}{3}$
.
166. $R^{k}\rho_{*}\mathcal{O}_{Z}=0,$ $k>0$ , $n\leq 4$ .
167. $n=2$ $\Sigma^{1.1}$ | .
16.3 Morin
$\theta_{p-1}$ : $T\mathrm{C}^{n}arrow T\mathrm{C}^{p}\oplus\Lambda^{p}T^{*}\mathrm{C}^{n}\otimes\Lambda^{p}T\mathrm{C}^{p}$ Grass(p-l, $T^{*}\mathrm{C}^{n}$ )
$Q^{*}$ . $Q^{*}\in \mathrm{G}\mathrm{r}\mathrm{a}\mathrm{s}\mathrm{s}(p-1, T^{*}\mathrm{C}^{n})$ $dx_{1},$ $\ldots,$ $dx_{p-1}$ $\mathrm{V}\backslash$ $Z_{i}^{j}=0$ ,
$i=p,$ $\ldots,$ $n$ , $\theta_{n-i_{1}}$ . [
$(\begin{array}{llll}Z_{1}^{1} Z_{p-1}^{1} 0 0\vdots \vdots \vdots \vdots Z_{1}^{p}* Z_{p-1}^{p}* 0 \mathrm{O}\vdots \vdots u_{p\mathrm{l}} u_{n,1}\vdots \vdots \vdots \vdots* * u_{\mathrm{p},*} u_{n,*}\end{array}\}$
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( . $dx_{1}\Lambda\cdots\Lambda dx_{p-1}\Lambda dx_{k},$ $k=p,$ $\ldots,$ $n$
, .
$|\begin{array}{lll}Z_{1}^{1} Z_{p-1}^{1} Z_{k,l}^{\mathrm{l}}\vdots \vdots \vdots Z_{1}^{p} Z_{p-1}^{p} Z_{k^{n},l}^{p}\end{array}|$ , $p\leq k,$ $l\leq n$
. $B=\mathrm{S}\mathrm{y}\mathrm{m}(Q\otimes T^{*}\mathrm{C}^{\mathrm{p}}\oplus \mathrm{S}_{2}\mathcal{K}\otimes T^{*}\mathrm{C}^{p})$
$t\cross t$ $B$ $I_{t}$ .
.









. Bott $I_{n-p}$ . $m=1,$ $\ldots,p(n-p+1)$
.
$((n-p+1)^{p-1}|2^{n-p+1} ; (n-p+1)^{p})\otimes\wedge(\mathcal{K}\otimes T^{*}\mathrm{C}^{p})m$
$= \bigoplus_{\lambda:|\lambda|=m,\lambda_{1}\leq p}((n-p+1)^{p-1}|\lambda_{1}+2, \ldots, \lambda_{n-p+1}+2;(n-p+1)^{p}\otimes\lambda^{\sim})$
$H^{k}$ .
$n-p=0$ $\lambda=(p),$ $(p-1)$ , $k=p-1$ .
.
$(3, 2^{p-1}; 2^{p})[2],\cdot$ $(2^{p}; 2^{p-1},1)[1]$
$n,$ $-p\geq 1$ $\lambda_{1}<n-p$ , $k=0$ .
.
$((n-p+1)^{p-1}, \lambda_{1}+2, \ldots, \lambda_{n-p+1}+2;(n-p+1)^{p}\otimes\lambda^{\sim})[m+1]$ , $|\lambda|=m$
$\lambda_{1}\leq\min\{p, n-p-1\}$ , $\mathrm{n}\{p, n-p-1\}(n-p+1)+1$ .
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169. $I_{n-p-1}$ .
$((n-p+1)^{p-1}|3^{2},2^{n-p-1} ; n-p+2, (n-p+1)^{p-1})$ $arrow$ $((n-p+1)^{p-1}|3,2^{n-p-1},1;(n-p)^{p})$
$\downarrow$ $\downarrow$
$((n-p+1)^{p-2}, n-p|3^{2},2^{n-p-1} ; (n-p+1)^{p})$ $arrow$ $((n-p)^{p-1}|2^{n-p}, 0;(n-p)^{p})$
$(0^{p-1}|0^{n-\mathrm{p}+1}; 0^{p})\downarrow$
, $A$ , $\Delta^{2,2},$ $\Delta^{n-p+1}+J$
.
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Cohen-Macaulay property of Thom-Boardman strata
TOSHIZUMI FUKUI
Iam going to report about what we can show about Cohen-Macaulay property of the
varieties supported by Thom-Boardman strata applying the geometric technique of cal-
culating syzygies, which is ajoint work with Jerzy Weyman.
The problem is motivated by asking ageneralization to amap-germ of the following
theorem:
Theorem (Milnor). Let $f$ : $(\mathrm{C}^{n}, 0)arrow(\mathrm{C}, 0)$ be aholomorphic function germ with
isolated singularity. Then the number of Morse singularities appeared in asmall pertur-
bation of $f$ near the origan is $\mu(f)$ where $\mu(f)$ is the Milnor number of $f$ and defined
by
$\mu(f)=\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{c}\mathrm{C}\{x_{1}, \ldots, x_{n}\}/\langle\frac{\partial f}{\partial x_{1}},$
$\ldots,$
$\frac{\partial f}{\partial x_{n}}\rangle$ .
Let $f$ : $(\mathrm{C}^{n}, 0)arrow(\mathrm{C}^{p}, 0)$ be aholomorphic map germ, and let $f_{u}$ : $(\mathrm{C}^{n}, 0)arrow(\mathrm{C}^{p}, 0)$
be ageneric approximation to $f$ . Then our problem is asking amethod to describing the
singularities of ageneric approximation $f_{u}$ in terms of $f$ .
Let us repeat the proof of Milnor’s Theorem, since it is instructive. We consider the
$1$ -jet space:
$J^{1}(\mathrm{C}^{n}, \mathrm{C})=\{(x_{1}, \ldots, x_{n}, y,p_{1}, \ldots,p_{n})\in \mathrm{C}^{2n+1}|y.=g(x),p_{i}=\partial g/\partial x_{i}g.(\mathrm{C}^{n},0)arrow(\mathrm{C},0),\}$
Then we have amap $\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{e},\mathrm{d}1$-jet section of $f$ :
$j^{1}f$ : $\mathrm{C}^{n}arrow J^{1}(\mathrm{C}^{n}, \mathrm{C})$ , $x-\neq(x,$ $f(x),$ $\frac{\partial f}{\partial x_{i}}(x))$
Setting $\Sigma=\{p_{i}=0\}\subset J^{1}(\mathrm{C}^{n}, \mathrm{C})$ , we have
$\#$ of singularities of $f_{u}$ near 0
$=\#$ of $(j^{1}f_{u})^{-1}(\Sigma)$ near 0
$=\#(j^{1}f_{u}(\mathrm{C}^{n})\cap\Sigma)$ near $j^{1}f(0)$
$=$ local intersection $\#$ of $j^{1}f(\mathrm{C}^{n})$ and $\Sigma$ at $j^{1}f(0)$
$=\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{c}\mathrm{C}\{x_{i}, y,p_{i}\}/\mathrm{I}_{\Sigma}+\mathrm{I}_{j^{1}(\mathrm{C}^{n})}$
$=\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{c}\mathrm{C}\{x_{i}, y,p_{i}\}/\langle p_{i}\rangle+\langle y-f(x),$ $p_{i}- \frac{\partial f}{\partial x_{i}}\rangle$
$= \dim_{\mathrm{C}}\mathrm{C}.\{x_{i}\}/\langle\frac{\partial f}{\partial x_{i}}\rangle$ .
This proof suggests us that one way to approach to our problem is to consider the inter-
section theory of the image of jet section with the closure of orbits of map-germs in jet
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We proceed to the next simplest case: $(n,p)=(2,2)$ . We first rernark that ageneric
map-germ $(\mathrm{C}^{2},0)arrow(\mathrm{C}^{2},0)$ is equivalent to one of the following germs:
$(x, y)-\neq(x, y)$ regular point
$(x, y)\mathrm{f}arrow(x^{2}, y)$ fold $(A_{1}, \Sigma^{1})$
$(x, y)-+(x^{3}+xy, y)$ cusp $(A_{2}, \Sigma^{1,1})$
Let $\Sigma^{1}(f)$ denote the fold locus of $f$ : $\mathrm{C}^{2}arrow \mathrm{C}^{2}$ . Then if $f$ is generic, the cusps are
just the critical points of $f|\Sigma^{1}(f)$ . Here, $\Sigma^{1}$ and $\Sigma^{1,1}$ are notations for Thom-Boardman
singularities.
Theorem (Fukuda-Ishikawa, Gaffney-Mond). Let $f=(f_{1}, f_{2})$ : $(\mathrm{C}^{2},0)arrow(\mathrm{C}^{2},0)$ be $\mathrm{a}$
holomorphic map-germ and $f_{u}$ ageneric approximation of $f$ . We set
$c(f)=\dim_{\mathrm{C}}\mathrm{C}\{x_{1}, x_{2}\}/\langle J,$ $\frac{\partial(f_{1},J)}{\partial(x_{1},x_{2})},$ $\frac{\partial(f_{2},J)}{\partial(x_{1},x_{2})}\rangle,$ where $J= \frac{\partial(f_{1},f_{2})}{\partial(x_{1},x_{2})}$ .
The ideal appeared in the definition of $c(f)$ describes the ideal on $2$-jet space $J^{2}(\mathrm{C}^{2}, \mathrm{C}^{2})$
supported by the Zariski closure of Thom-Boardman strata $\Sigma^{1,1}$ . The proof can be done
by the same idea as Theorem 1.1, but we need some knowledge of commutative algebra,
since this has singularities.
Theorem. Let I be an ideal of $A=\mathrm{C}\{x_{1}, \ldots, x_{m}\}.$ We set $\mathrm{I}=V(I),$ and $k=\mathrm{c}\mathrm{o}\mathrm{d}$ $\Sigma$ .
Let $(g_{1}, \ldots, g_{k})$ be asystem of parameters for $A/I.$ and set $\mathrm{Y}=V(g_{1}, \ldots, g_{k}).$ For $\mathrm{Y}_{u}\mathrm{a}$
deformation of $\mathrm{Y}$ , we have
$\#$ ( $\mathrm{Y}_{u}\cap\Sigma$ near $0$ ) $\leq \mathrm{d}\mathrm{i}\mathrm{m}\mathrm{c}A/I+(g_{1}, \ldots, g_{k})$
and equality holds if and only if I is perfect (i.e. $A/I$ is Cohen-Macaulay).
We thus need to show the corresponding ideal on $J^{2}(\mathrm{C}^{2}, \mathrm{C}^{2})$ is perfect, and this follows
from the fact that the determinantal variety is Cohen-Macaulay.
Suggested by the ideal appeared in the definition of $c(f)$ , we expect that the ideal
described by taking such jacobean repeatedly define varieties which is related to Thom-
Boardman strata $\Sigma^{i_{1},\ldots,i_{k}}$ . B. Morin analyzed such ideals $\Delta^{i_{1,}\ldots,i_{k}}$. and he shows that this
defines nonsingular variety along $\Sigma^{i_{1},\ldots,i_{k}}$ .
We describe the Morin’s ideal in an explicit form: Let $x=(x_{1}, \ldots, x_{n})$ denote acoor-
dinate system on $U\subset \mathrm{C}^{n},$ and $y=(y_{1}, \ldots, y_{p})$ a coordinate system on $V\subset \mathrm{C}^{p}.$ Then we
define the coordinate functions $Xi,$ $\mathrm{Y}j,$ $Z_{\sigma}^{j}$ on $J=J^{k}(\mathrm{C}^{n}, \mathrm{C}^{p}),$ where $1\leq i\leq n,$ $1\leq j\leq p$ ,
$\sigma=(\sigma_{1}, \ldots, \sigma_{m})$ an $m$-tuple of non-decreasing positive integers with $1\leq m\leq r,$ by
$X_{i}--x_{i}\circ\pi_{n},$ $\mathrm{Y}_{j}=y_{j}\circ\pi_{p},$
$Z_{\sigma}^{j}(j^{r}f(p))= \frac{\partial^{|\sigma|}(y_{j}\mathrm{o}f)}{\partial x_{\sigma_{1}}\cdots\partial x_{\sigma_{m}}}(p)$ ,
where $f$ is the germ at $p$ of any map from $U$ to $V$ and $|\sigma|=m$ . We understand $\mathrm{Y}_{j}=$
$Z^{j}=Z_{\emptyset}^{j}$ . We define an $(m+1)$-tuple $\sigma(i)$ and vector fields $D_{i}(1\leq i\leq n)$ by
$Z_{\sigma(:)}^{j}(j^{r}f(p))= \frac{\partial^{|\sigma|+1}(y_{j}\mathrm{o}f)}{\partial x_{i}\partial x_{\sigma_{1}}\cdots\partial x_{\sigma_{m}}}(p)$ , $D_{:}= \frac{\partial}{\partial X_{i}}+.\sum_{\sigma\cdot|\sigma|<r}(\sum_{j=1}^{p}Z_{\sigma(i)}^{j}\frac{\partial}{\partial Z_{\sigma}^{j}})_{\mathrm{I}}$ .
Let $\Delta^{i_{1}}$ denote the ideal generated by $\mathrm{s}\mathrm{u}\mathrm{b}\det_{1}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{a}11\mathrm{t}\mathrm{s}$ of order $?\iota-i_{1}+1$ of the matrix
${}^{t}(D:\mathrm{Y}_{j})$ . We define $\Delta^{I}$ for $I=(\cdot i_{1}, \ldots, i_{k})$ inductively: $\Delta^{I}$ is the ideal generated by
$\Delta^{:_{1},\ldots,i_{k-1}}$ and subdeterminants of order $n-i_{k}+1$ of the matrix ${}^{t}(D_{i}\mathrm{Y}_{j}, D_{i}g_{s})$ where
$J(=(J‘ 1, \ldots, g_{t})$ is asystem of generators of $\Delta^{i_{1,\ldots\prime}i_{k-1}}$ .
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We are interested in when these ideals are perfect.
Theorem. The Morin’s ideal $\Delta^{l},$ $I=(i_{1}, \ldots, i_{k}),$ $n\geq i_{1}\geq\cdots\geq i_{k}>0$ , is perfect in the
following cases:
$\bullet I=(i)$ ,
$\bullet I=(1,1),$ $n=p$ ,
$\bullet I=(2,2),$ $n-p=1$ .
The first two cases are determinantal and not, new from the view point of commutative
algebra.
Theorem. The Morin’s ideal $\Delta^{I},$ $I=(i_{1}, \ldots, i_{k}),$ $n\geq i_{1}\geq\cdots\geq i_{k}>0,$ is perfect along
$\Sigma^{i_{1}}$ if and only if
$\bullet I=(i, \ldots, i,j)$ ,
$\bullet I=(n-p+1,1,1),$ $n-p\geq 1$ ,
$\bullet I=(n-p+1,1,1,1),$ $n-p\geq 1$ ,
$\bullet I=(2,2,1,1),$ $n-p=1$ .
When $i_{1}=n-p+1$ , maps of type $\Sigma^{I}$ are essentially unfoldings of functions in $n-p+1$
variables. When $I=(n-p+1,j)$ , it is easy to see that $\Delta^{I}$ is essentially the ideal generated
by $(n-j+1)$-minors of a symmetric matrix of order $n-p+1$ which corresponds to the
second partial derivatives of the function. When $I=(n-p+1,1,1,1),$ a long computation
shows that this is essentially the ideal generated by $(n-p+1)$-minors of some symmetric
matrix of order $n-p+2$ .
The idea to show perfectness of such ideals is to try to adapt the best proof for per-
fectness of the determinantal ideal to each case. In my understanding, the best proof for
perfectness is geometric technique of calculating syzygies. The syzygy of determinantal
ideal is obtained by pushing down the syzygy (Koszul complex) of the desingularization
of the determinantal variety which is realized as the total space of ahomogeneous vector
bundle of the Grassmannian manifold. This method can generalize for ahomogeneous
vector bundle of ahomogeneous space. Moreover, we can generalize $\mathrm{t}_{t}\mathrm{h}\mathrm{i}\mathrm{s}$ by pushing down
other complexes.
This also suggests that we can get some information pushing down the syzygy of
the desingularization of closure of Thom-Boardman strata when it is explicitly known.
F. Ronga constructed adesingularization of the Zariski closure of $\Sigma^{i,j}$ . Pushing down
syzygies associated with his desingularization, we obtain the following:
Theorem. We assume t.hat $i=n-p+1$ . The Zariski closure of $\Sigma^{i,j}$ is rational (which
implies that $\rho_{*}\mathcal{O}_{Z}$ is aCohen-Macaulay module) iff one of the following holds.
$\bullet j=1:i=1,2,3,4,$ $p\geq 2$ .
$\bullet j=2:i=2,3,$ $p\geq 2$ or $i=4,5,$ $p=2,3,4$ .
$\bullet p=2$
When $\prime n-p=1$ , we remark that $\Delta^{2,2}$ is not reduced and $V(\Delta^{2,2})$ is Cohen-Macaulay.
The theorem means the normailzation of $V(\Delta^{2,2})$ is also Cohen-Macaulay.
Theorem. We consider the case $(i,j)=(1,1)$ .
$\bullet$ The Zariski closure of $\Sigma^{1,1}$ is normal and Cohen-Macaulay along $\Sigma^{2}$ .
$\bullet$ The normalization of the Zariski closure of $\Sigma^{1,1}$ is Cohen-Macaulay along $\Sigma^{4}$ .
$\bullet$ The normalization of the Zariski closure of $\Sigma^{1,1}$ is Cohen-Macaulay if $p\leq n+1$ .
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Finally we describe aconsequence for niap gerlns $f=(fi, f_{2})$ : $(\mathrm{C}^{n}, 0)arrow(\mathrm{C}^{2},0)$ for
$n=3,4$ . Let $\mathfrak{S}_{k}$ denote the symmetric group of order $k$ .
$\mathrm{W}^{r}\mathrm{e}$ first remark that ageneric map-germ $(\mathrm{C}^{3},0)arrow(\mathrm{C}^{2},0)$ is equivalent to one of the
following germs:
$(x, y, z)-t(x, y)$ regular point
$(x, y, z)-\Rightarrow(x^{2}+z^{2}, y)$ fold $(A_{1}, \Sigma^{2})$
$(x, y, z)-*(x^{3}+xy+z^{2}, y)$ cusp $(A_{2}, \Sigma^{2,1})$
For amap germ $f$ : $(\mathrm{C}^{3},0)arrow(\mathrm{C}^{2},0)$ , we define $c(f)$ by
$c(f)=\dim_{\mathrm{C}}\mathrm{C}\{x_{1}, x_{2}, x_{3}\}/I_{2}(^{\partial}\partial[perp][perp]^{1}\partial_{2}x_{1}\partial x_{1}$ $[perp]\partial_{1}[perp]\partial_{2}\partial x_{2}\partial x_{2}$ $[perp]\partial_{2}[perp]\partial_{1}\partial x_{\theta)}\partial x_{3}+(U)$
where $U= \sum 1\leq j_{1},j_{2},j_{3},j_{4}\leq 2,$ $\sigma,\tau\in \mathfrak{S}\mathrm{a}(-1)^{j_{1}+j_{2}}$ sign $(\sigma)$ sign $(\tau)^{\frac{\partial f_{j}}{\partial x_{\sigma(1)}}\frac{\partial f_{\mathrm{j}}}{\partial x_{\tau}}\mathrm{L}^{\partial^{2}f_{j}\partial^{2}f_{\mathrm{j}}}}(1)\vec{\partial x_{\sigma(2)}\partial x_{\tau(2)}}\tilde{\partial x_{\sigma(3)}\partial x_{\tau(3)}}$ .
Theorem. Let $f$ : $(\mathrm{C}^{3},0)arrow(\mathrm{C}^{2},0)$ be aholomorphic map germ. If $c(f)$ is finite, then
$c(f)$ is the number of cusps appeared in ageneric approximation of $f$ near 0.
We next remark that ageneric map-germ $(\mathrm{C}^{4},0)arrow(\mathrm{C}^{2},0)$ is equivalent to one of the
following germs:
$(x, y, z, w)-+(x, y)$ regular point
$(x, y, z, w)\mapsto+(x^{2}+z^{2}+w^{2}, y)$ fold $(A_{1}, \Sigma^{3})$
$(x, y, z, w)\vdasharrow(x^{3}+xy+z^{2}+w^{2}, y)$ cusp $(A_{2}, \Sigma^{3,1})$
For amap germ $f$ : $(\mathrm{C}^{4},0)arrow(\mathrm{C}^{2},0)$ , we define $c(f)$ by
$c(f)=\dim_{\mathrm{C}}\mathrm{C}\{x_{1}, x_{2}, x_{3}, x_{4}\}/I_{2}(_{\partial}^{\partial}\partial[perp][perp]_{x_{1}}\partial_{2}1xl$ $[perp]\partial_{1}[perp]\partial_{2}\partial x_{2}\partial x_{2}$ $[perp]\partial_{1}[perp]\partial_{2}\partial x\mathrm{s}\partial x_{3}$ $[perp]\partial_{2})\partial[perp]\partial_{1,x_{4}}\partial x_{4}+(U_{1}, U_{2}, U_{3}, U_{4})$
where
$U_{k}= \sum_{1\leq j_{1},j_{2},j_{3},j_{4},j_{6},j_{6}\leq 2}(-1)^{j_{1}+j_{2}+j\mathrm{s}}$
sign $(\sigma)$ sign $(\tau)$
$\sigma,\tau\in \mathfrak{S}_{4}$
$\frac{\partial f_{j_{1}}}{\partial x_{k}}\frac{\partial f_{j_{2}}}{\partial x_{\sigma(1)}}\frac{\partial f_{j_{3}}}{\partial x_{\tau(1)}}\frac{\partial^{2}f_{j_{4}}}{\partial x_{\sigma(2)}\partial x_{\tau(2)}}\frac{\partial^{2}f_{j\epsilon}}{\partial x_{\sigma(3)}\partial x_{\tau(3)}}\frac{\partial^{2}f_{j_{6}}}{\partial x_{\sigma(4)}\partial x_{\tau(4)}}$,
$k=1,$ $\ldots,$ $4$ .
Theorem. Let $f$ : $(\mathrm{C}^{4},0)arrow(\mathrm{C}^{2},0)$ be aholomorphic map germ. If $c(f)$ is finite, then
$c(f)$ is the number of cusps appeared in ageneric approximation of $f$ near 0.
In the next article, we continue more explanation (in Japanese) about this topic.
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